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Abstract
Possibilities emerging out of the dynamical evolutions of collapsing systems are addressed in
this thesis through analytical investigations of the highly non-linear Einstein Field Equations.
Studies of exact solutions and their properties, play a non-trivial role in general relativity,
even in the current context. Finding non-trivial solutions to the Einstein field equations requires
some reduction of the problem, which usually is done by exploiting symmetries or other prop-
erties. Exact solutions of the Einstein’s field equations describing an unhindered gravitational
collapse are studied which generally predict an ultimate singular end-state. In the vicinity of
such a spacetime singularity, the energy densities, spacetime curvatures, and all other physical
quantities blow up. Despite exhaustive attempts over decades, the famous conjecture that the
formation of a singularity during stellar collapse necessarily accompanies the formation of an
event horizon, thereby covering the central singularity, still remains without a proof. Moreover,
there are examples of stellar collapse models with reasonable matter contribution in which an
event horizon does not form at all, giving rise to a naked singularity from which both matter
and radiation can fall in and come out. These examples suggest that the so-called “cosmic
censorship” conjecture may not be a general rule. Therefore one must embark upon analysis
of realistic theoretical models of gravitational collapse and gradually generalizing previous
efforts.
Viable f (R) models are quite successful in providing a geometrical origin of the dark
energy sector of the universe. However, they possess considerable problems in some other
significant sectors, such as, difficulty to find exact solutions of the field equations which are
fourth order differential equations in the metric components. Moreover, a recent proposition
that homogeneous collapsing stellar models (e.g. Oppenheimer-Snyder-Datt model of a col-
lapsing homogeneous dust ball with an exterior Schwarzschild spacetime) of General Relativity
can not be viable models in f (R) theories, heavily constrict the set of useful astrophysical
solutions. In this thesis, we address some collapsing models in f (R) gravity such that at the
comoving boundary of the collapsing star, the interior spacetime matches smoothly with an
xii
exterior spacetime. The presence and importance of spatial inhomogeneity is duely noted
and discussed. The ultimate spacetime singularity remains hidden or exposed to an exterior
observer depending on initial conditions from which the collapse evolves.
The study of collapsing solutions of the Einstein equations with a scalar field as the matter
contribution owes special importance, because one would like to know if cosmic censorship
is necessarily preserved or violated in gravitational collapse for fundamental matter fields,
which are derived from a suitable Lagrangian. In this thesis we have studied some models of
gravitational collapse under spherical symmetry, with a self-interacting scalar field minimally
coupled to gravity along with a fluid description. The field equations are solved under certain
significant symmetry assumption at the outset (for instance, conformal flatness, self-similarity)
without assuming any particular equation of state for the matter contribution. The relevance
of such investigations stems from the present importance of a scalar field as the dark energy
vis-a-vis the fluid, whose distribution still remains unknown apart from the general belief that
the dark energy does not cluster at any scale below the Hubble scale. The study of collapse of
scalar fields, particularly in the presence of a fluid may in some way enlighten us regarding
the possible clustering of dark energy. The collapsing models are studied in this thesis for
certain popular and physically significant forms of the self-interaction potential, for example, a
power-law or an exponential dependence over the scalar field. The end-state of the collapse
is investigated by analyzing the apparent horizon curve and existence of radial null geodesics
emanating from the spacetime singularity.
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Chapter 1
Introduction
1.1 Gravitational collapse and spacetime singularity
One of the most important aspects of General Relativity is the formation of spacetime sin-
gularities and horizons as the end results of a gravitational collapse of a massive object. A
massive star, in general, replenishes the heat that radiates from its hot surface into the depths of
interstellar space by steadily burning nuclear fuel in its deep interior. The nuclear fuel supply
for any star is limited. Eventually, after some billions of years of its lifetime, the star exhausts
its nuclear fuel, and dies [1, 2].
An investigation of such massive distributions, where density of matter and strength of
the gravitational field is expected to be extreme, requires the theory of General Relativity
which provides a description of gravity as a geometric property of spacetime; formulated
by Einstein in 1915 using the equivalence between gravitation and inertia successfully. The
relation between curvature of spacetime and the energy-momentum of whatever matter or
radiation are present, is well defined by the famous Einstein Field Equations (in the units G= 1,
c = 1) as
Gµν = 8πTµν , (1.1)
where Gµν is the Einstein tensor, Tµν is the energy-momentum tensor. It is precisely these
equations that are thought to govern different aspects of gravitational physics of which we
now have observational evidences; such as the expansion of the evolution of the Universe, the
behavior of black holes, the propagation of gravitational waves, and many other phenomena
involvng gravity. Some predictions of general relativity differ significantly from classical
newtonian physics, and such predictions are confirmed in all experiments and observations
2 Introduction
to date. For instance, general relativity predicts a precession in planetary orbits, which was
derived in case of mercury by Einstein when he [3–5] published his vacuum field equations
in 1915. Experimental findings like the Lense-Thirring gravitomagnetic precession and the
gravitational deflection of light by the Sun (as measured in 1919 during a Solar eclipse by
Eddington) were in well agreement with theoretical predictions of the theory.
What is then, the final outcome of the gravitational collapse of a massive star which has
exhausted its nuclear fuel? Detailed studies of a gravitational collapse have been conducted
within the context of general relativity and the generic conclusions emerging from these studies
are striking. While the collapse is generally expected to produce curvature generated singular-
ities characterized by diverging curvatures and densities, a trapped surface may not develop
early enough to always shield this process from an outside observer. Depending on the nature
of the initial data from which the collapse evolves, either a black hole or a naked singularity
results as the final outcome of the collapse.
In 1916, Schwarzschild [6] discovered the exact solution to the Einstein field equations rep-
resenting the external gravitational field of a static, spherically symmetric body. This solution
allows a very simple derivation of the perihelion advance and was the first black hole solution
to Einstein’s equations; though at that time the concept of a black hole was not introduced.
However, dynamics of a gravitatonal contraction as governed by the field equations were not
addressed until in 1930s, when Chandrasekhar [7] and Landau [8] suggested an upper limit
(the Chandrasekhar Limit) to the mass of a massive astronomical body. Any massive object
(stars, remnants, supernovae) having a mass above the limit cannot continue to support itself
against the inward pull of gravity. In 1935, Eddington [9] discussed that any star having a
mass exceeding the Chandrasekhar limit, shall contract indefinitely producing an end state
from which even light could not escape. A complete general relativistic treatment of a star
undergoing gravitational collapse to zero volume was given in 1939 by Oppenheimer and
Snyder [10] and these works now serve as the paradigm of a gravitational collapse.
Gravity is a nonlinear phenomena and its predictability lies within the nonlinear field
equations. Rigorous study of the field equations by exploiting different symmetry assumptions
can indeed throw light into the physical process of gravitational collapse, not only in general
relativity, but in different viable modifications of gravity as well. In this thesis, we discuss
some reasonable examples of self-gravitating systems undergoing an unhindered gravitational
collapse.
1.1 Gravitational collapse and spacetime singularity 3
1.1.1 Basic features of a Gravitational Collapse
During the 1960s and early 1970s, a first understanding of the classical processes involved in
gravitational collapse were established after rigorous studies; concept of a black hole was intro-
duced as well [11–13]. To define in a very simple manner, the contraction of an astronomical
massive body due to the influence of its own gravity is known as a Gravitational Collapse.
Gravitational collapse is the fundamental mechanism thought to be responsible for structure
formation in the universe. For example, a star is born through the gradual gravitational collapse
of a cloud of interstellar matter. The outward thermal pressure generated from a thermonuclear
fusion occurring at the central region of the star gradually halts the contraction, balancing the
inward gravitational pull, forming a state of dynamic equilibrium. When a star has burned out
its fuel supply, it will undergo a contraction that can be halted only if it reaches a new state
of equilibrium. Depending on the mass during it’s lifetime, these equilibrium states can take
certain forms.
• White dwarfs, in which gravity is opposed by the electron degeneracy pressure.
• Neutron stars, in which gravity is opposed by the neutron degeneracy pressure and
short-range repulsive neutron–neutron interactions mediated by the strong force.
• Unhindered gravitational collapse to zero volume; according to Einstein’s theory, for
massive stars stars above the Tolman–Oppenheimer–Volkoff [14] limit, no known form
of internal pressure can balance the inward pull due to gravity. Hence, the contraction
continues until a zero volume is reached with nothing to stop it.
1.1.2 End-state of an unhindered Gravitational Collapse: Blackholes
Newtonian physics says that only matter can be a source of gravitation. However, general
relativity allows any form of energy, including gravitational energy to contribute to the field
as well. Thus we have the strange possibility of a gravitational field that feeds upon itself,
becoming infinitely strong even where there is no matter [2]. If Einstein’s conception of
gravity introduces this concept of singularity, however, it also offers a possible escape clause.
Whenever simple configurations of matter collapse according to the rules of general relativity,
the collapsed region always seems to be enveloped in a Black Hole before a singularity forms,
provided an event horizon develops prior to the formation of the singularity. Neither matter nor
radiation nor information can cross the event horizon. Inside the event horizon, the presence of
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the singularity renders all the known laws of physics quite useless; one cannot predict what
will happen there. But because there can be no communication from inside the black hole to
the rest of the universe, life can go on undisturbed elsewhere [13].
The formation of horizon is governed purely by general relativity. However, applying
the theory to stellar collapse still remains a formidable task since Einstein’s equations are
notoriously non-linear, and solving them requires simplifying assumptions. Oppenheimer
and Snyder [10] and independently, Datt [15] made an initial attempt in the late 1930s. They
considered perfectly spherical stars, consisting of a gas of homogeneous density and no gas
pressure and found that under idealized conditions, a collapsing cloud of matter with zero
pressure will necessarily trap all light and matter inside an event horizon, thereby ending
up in a blackhole. However, real stars are more complicated to deal with. Their density is
inhomogeneous, the gas in them may exert pressure, and they can assume different shapes.
Whether or not every sufficiently massive collapsing star turn into a black hole, remains
an intriguing question even today. The first definitive attempt to close the question, came
in 1969, when Penrose conjectured that [16] the formation of a singularity during stellar
collapse necessarily accompanies the formation of an event horizon, thereby covering the
central singularity. Penrose’s conjecture is termed as the Cosmic Censorship Hypothesis. If the
cosmic censorship hypothesis holds, then general relativity remains a safe and reliable theory
of the structure of the universe. Its only area of inadequacy, however, remains in describing the
bizarre environment inside a black hole.
1.1.3 Naked Singularities
Determining the validity of cosmic censorship is perhaps one of the most outstanding problem
in the study of general relativity. Indeed, there are examples of stellar collapse models in
which an event horizon does not form at all, so that the singularity remains exposed to the view
of an exterior observer. This gives rise to the concept of a naked singularity which, unlike
a blackhole, can allow exchange of both matter and radiation with the exterior. These are
indeed, counterexamples to Penrose’s conjecture and they suggest that the cosmic censorship is
not a general rule. Moreover, there is no direct proof of censorship as yet that applies under
all conditions. Therefore one must embark upon analysis of realistic theoretical models of
gravitational collapse one by one gradually generalising previous efforts. For instance, Yozdis,
Seifert and their colleagues considered inhomogeneity in the collapsing configuration and
showed that layers of collapsing matter can create momentary singularities that are not covered
1.1 Gravitational collapse and spacetime singularity 5
Fig. 1.1 Schematic idea of a Homogeneous dust cloud collapse. If the event horizon forms prior
to the singularity, creates a blackhole as the collapse endstate. For a globally visible singularity,
the outgoing rays reach the boundary of the cloud and can reach faraway external observers
by horizons [17, 18]. Eardley and Smarr [19] performed a numerical simulation of a collapsing
star with a reasonable density profile. An exact analytical treatment of the similar situation was
undertaken by Christodoulou [20]. In both of these models it was shown that the star could
shrink to zero proper volume producing a naked singularity.
In the beginning, naked singularities were thought to be weak in nature [21], but that may
not be a general statement. Joshi and his collaborators [22–26] discussed possible scenarios of
inhomogeneous gravitational collapse leading to strong curvature singularities yet remaining
visible to external observers. Waugh and Lake [27, 28] discussed the strength of shell-focussing
naked singularities considering evolution of a gravitational collapse from regular initial con-
ditions, considering self-similarity in the space-time. In the early 1990s, the effects of gas
pressure in the models of realistic gravitational collapse were considered. Numerical sim-
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ulations carried out by Ori and Piran [29, 30] and analytical studies of Joshi and Dwivedi
[24–26] manifested that massive stars can in fact, collapse to naked singularities. Magli et. al.
[31–33] and Nakao [34] considered different forms of pressure contribution within a collapsing
star and showed that in a wide variety of situations, collapse can end in a naked singularity.
These studies analyzed perfectly spherical stars, which is not as severe a limitation as it might
appear, because most stars in nature are very close to this shape. Physicists have been exploring
nonspherical collapse as well, for example, Shapiro and Teukolsky [35, 36] presented numerical
simulations in which rotating spheroids could collapse to a naked singularity.
These scenarios, with a gravitational collapse ending in a so-called naked singularities
open some important physical questions. These may not be just some counter-examples to
the cosmic censorship conjecure. Indeed the formation of a naked singularity may imply
that fundamental processes occurring near the singularities are not always forbidden from the
exterior.
1.1.4 Physical implications of a Naked Singularity
For a realistic study one should consider general matter fields so as to include important
physical features in the collapse, such as inhomogeneities in matter distribution, non-vanishing
pressure, different forms for the equations of state of the collapsing matter, and other such
aspects. The nature of the outcome of a collapse generally depends on the initial configuration
from which the collapse evolves, and the allowed dynamical evolutions in the spacetime, as
permitted by the Einstein equations [22]. Recent results and different aspects regarding the
dynamics of a continued gravitational collapse is summerized by Joshi [22, 23].
Gravity is a complicated phenomenon involving not only a force of attraction, other physi-
cal attributions of the matter distribution can play significant role in the allowed dynamics as
well. For example, presence of a non-zero shear means different layers of material are shifted
laterally with different velocities. In a region where a high density massive collapsing star can
trap light, non-zero shear and inhomogeneities may create escape routes. It was discussed by
Joshi, Dadhich and Maartens [37, 38], Joshi, Goswami and Dadhich [39] that shearing of the
collapsing material close to the singularity, can indeed set off powerful shock waves that can
eject matter and light.
1.1 Gravitational collapse and spacetime singularity 7
If a homogeneous star collapses, gravity increases in strength and bends the paths of
moving objects severely until light can no longer propagate away from the star. Since for a
homogeneous star, the density varies only with time, the entire star is crushed to the singular
point simultaneously as discussed by Joshi, Goswami and Dadhich [39]. The trapping of light
occurs well before this moment, so the singularity remains hidden. Due to inhomogeneity the
density decreases with distance from the center. The denser inner regions feel a stronger pull of
gravity and collapse faster than the outer ones. Therefore the entire star does not collapse to the
singularity simultaneously. The innermost shells collapse first, and then the outer shells pile on
gradually and as argued by Joshi, Goswami and Dadhich [39], the resulting delay can postpone
the formation of an event horizon in principle. If density decreases with distance too rapidly,
these shells may not constitute enough mass to trap light. In such cases the singularity, when it
forms, will be naked. Intuitively one can guess that perhaps there is a threshold: if the degree
of inhomogeneity is very small, below a critical limit, a black hole will form; with sufficient
inhomogeneity, a naked singularity may result.
The rapidity of collapse can perhaps be another contributing factor in the black hole-naked
singularity conundrum, specially in models where stellar gas has converted fully to radiation,
first considered by Vaidya [40, 41]. The radiation effects are important during the later stages
of gravitational collapse when the star is perhaps throwing away considerable mass as radiation.
Such a non-static distribution is then be surrounded by an ever-expanding zone of radiation.
When the collapse is fast enough, the horizon forms well before the singularity as to fully cover
it, and a blackhole forms as the collapse endstate. However, for a slow enough collapse the
horizon and trapped surface formation is delayed and a naked singularity develops as the final
state of collapse [22]. However, not much is known today on the actual equation of state for
the collapsing star in the very late stages of its gravitational collapse. These considerations in
fact show a few possibilities within the framework of general relativistic gravitational collapse,
subject to various physical conditions, such as the validity of energy conditions and evolution
from regular initial data.
Although spherical symmetry is mathematically elegant, most of the stellar bodies do show
departure from sphericity. One may approach the problem in two different ways, either looking
for exact non-spherical models or try a perturbative approach where a departure from the
spherical symmetry in collapse scenario is considered. In terms of analytic calculations, not
much is known about a non-spherical gravitational collapse. There are indications, however,
in view of the properties of the Kerr geometry, that to avoid naked singularity formation the
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collapsing object should not be rotating very fast, discussed by Miller and Sciama [42]. In
Kerr geometry, the metric is characterized in terms of the mass of the particle and its angular
momentum. If the angular momentum is larger than the mass, then a naked singularity naturally
forms in the spacetime. It should be noted, however, that there is no interior metric yet known
for a Kerr exterior solution. The ideal situation would be the existence of a non-spherical
collapsing cloud, the exterior of which is given by the Kerr solution, and then to investigate
the final state of the collapse. There are, however, a few examples of non-spherical collapse
in literature. For an extensive review, the reader is referred to the work of Miller and Sciama
[42]. Bronnikov and Kovalchuk made an extensive study of various non-spherical collapse
with a pressureless dust distribution [43] and then generalized the same to include a charged
dust in planar symmetry [44] and later an electromagnetic field for various non-spherical
distributions [45]. Ganguly and Banerjee extended the work, investigating some exact non-
spherical models with a minimally coupled scalar field in planar, cylindrical, toroidal and
pseudo-planar symmetries [46].
1.1.5 Black Holes vs Naked Singularities
It is perhaps obvious that the two possible outcomes of a complete gravitational collapse of
massive astronomical bodies, black hole and naked singularity, must be very different from each
other physically, and must have different observational signatures [47]. A naked singularity
may present opportunities to observe the physical effects near the ultra dense regions that form
in the very final stages of a collapse. In a black hole scenario, such regions are necessarily
hidden within the event horizon.
There have been attempts to explore physical applications and implications of naked sin-
gularities (we refer to the works of Joshi and Malafarina [48], Joshi, Malafarina and Narayan
[49] and references therein). An interesting recent proposal in this connection is presented by
Patil, Joshi and Malafarina, to consider the naked singularities as possible particle accelerators
[50, 51]. Among the most prominent features of how a singularity can affect incoming particles
are either in the form of light bending, such as in gravitational lensing [52], particle collisions
close to the singularity [53–55], or properties of accretion disks [56]. The accretion discs
around a naked singularity are regions where the matter particles are attracted towards or
repelled away from the singularity with great velocities. These regions can provide an excellent
arena for predictions of important observational signatures. In a scenario where the central
ultra-high density region around the formation of singularity is exposed while the outer shells
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are still falling towards the center, shockwaves emanating from the superdense region and
collisions of particles near the horizon can have significant effects on the outer layers. These
effects must be considerably different from those appearing during the formation of a black hole.
To summarize, recent studies on formation of naked singularities as collapse end states
have manifested some of the most intriguing basic questions as follows:
• can the ultra-dense regions forming in a physically realistic collapse of a massive star
remain visible forever?
• Are there really any observable astrophysical consequences of this phenomena?
• What is the causal structure of space-time in the vicinity of a singularity as decided by
the dynamics of collapse which evolves from a regular initial collapsing profile?
• How early or late the horizons may actually develop in a physically realistic gravitational
collapse?
A continuing study of the collapse phenomena within a general framework may be the only
way to have answers on some of these issues. This could lead us to novel physical insights
and possibilities emerging out of the intricacies of gravitational force and nature of gravity, as
emerging from examining the dynamical evolutions as allowed by Einstein equations.
1.2 Modified theory of gravity
A viable relativistic theory of gravity must include well-defined foundation requirements, as
summarised by Faraoni [57], Clifton, Ferreira and Padilla [58], Sotiriou [59], Sotiriou and
Faraoni [60]. For example, it must pass the tests imposed by Solar System and terrestrial
experiments on relativistic gravity such as different observations involving the propagation
of light and the orbits of massive bodies. General Relativity has been widely accepted as
a complete and fundamental theory of gravity considering these foundation requirements.
However, alternative theories do exist for some reasons which include a need to describe the
recently observed accelerated expansion of the universe, and to fill in for the so called dark
energy component.
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1.2.1 Motivation for modifying Gravity
Theories of gravity, alternative to Einstein’s General Relativity, have been proposed to cure the
problems of the standard cosmological model. Motivation for studying an alternative theory
arise also from the perpective of quantizations of gravity. The alternative gravitational theories
constitute an attempt to formulate a semi-classical scheme in which general relativity and its
most successful features can be recovered. One of the most fruitful approaches thus far has
been that of Extended Theories of Gravity, which have become a paradigm in the study of the
gravitational interaction. The paradigm consists, essentially, of adding higher order curvature
invariants and/or minimally or non-minimally coupled scalar fields to the dynamics; these
corrections emerge from the effective action of quantum gravity (for a useful discussion, we
refer to the monograph by Buchbinder, Odintsov and Shapiro [61]). Further motivation to
modify gravity arises from the problem of fully implementing Mach’s principle in a theory
of gravity, which leads one to contemplate a varying gravitational coupling. Mach’s principle
states that the local inertial frame is determined by the average motion of distant astronomical
objects [62]. An independent motivation for extending gravity comes from the fact that every
unification scheme of the fundamental interactions, such as Superstring, Supergravity or Grand
Unified Theories exhibit effective actions containing non-minimal couplings to the geometry
or higher order terms in the curvature invariants. Specifically, this scheme was adopted in the
study of quantum field theory on curved spacetime and it was found that interactions between
quantum scalar fields and background geometry, or gravitational self-interactions, yield such
corrections to the Einstein-Hilbert Lagrangian [63]. Moreover, it has been realized that these
corrective terms are inescapable in the effective action of quantum gravity close to the Planck
energy as discussed by Vilkovisky [64]. Of course, all these approaches do not constitute a full
quantum gravity theory, but are needed as a working schemes toward it.
In summary, higher order terms in the invariants of the Riemann tensor, such as R2, RabRab
or RabcdRabcd and non-minimal coupling terms between scalar fields and geometry, have to be
incorporated to the effective gravitational Lagrangian when quantum corrections are introduced.
These terms occur also in the effective Lagrangian of string or Kaluza-Klein theories when a
mechanism of compactification of extra spatial dimensions is used as discussed by Gasperini
and Veneziano [65]. Besides fundamental physics motivations, all these theories have been
the subject of enormous attention in cosmology due to the fact that they naturally exhibit an
inflationary behaviour which can overcome the shortcomings of the general relativity based
standard cosmological model. A bird’s eye view of such relevant issues and possibilities has
been nicely summarized in the review of Capozziello, De Laurentis and Faraoni [66].
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Recent developments of observational cosmology suggests that the universe has experienced
two phases of cosmic acceleration. The first one is called inflation (we refer to the discussions
of Starobinsky [67], Kazanas [68], Guth [69] and Sato [70]), which is believed to have occurred
prior to the radiation dominated era (we refer to the works of Liddle and Lyth [71], Lyth and
Riotto [72], Bassett, Tsujikawa and Wands [73] for extensive reviews). This phase is required
to solve the flatness and horizon problems of big-bang cosmology, as well as to explain a
nearly flat spectrum of temperature anisotropies observed in Cosmic Microwave Background
(CMB) [74]. The second accelerating phase begins well within the matter domination era and
an unknown component is believed to be behind this late-time cosmic acceleration, popularly
known as the dark energy (detailed reviews regarding various aspects of the dark energy com-
ponent can be found in the works of Huterer and Turner [75], Sahni and Starobinsky [76],
Padmanabhan [77], Peebles and Ratra [78], Copeland, Sami and Tsujikawa [79]). These two
phases of cosmic acceleration cannot be explained by considering standard matter in the form
of a fluid alone. Some component of an effective negative pressure is further required to realize
the acceleration.
However, the simplest possible model based on cosmological constant has its own problems
such as its theoretically predicted energy scale is way too large to be compatible with the
dark energy density, assuming that it originates from the vacuum energy, as discussed by
Weinberg [80]. A scalar field with a slowly varying potential serves as a competent candidate
for inflation as well as for dark energy. However, with many scalar field potentials for inflation
being constructed, the CMB observations still do not show particular evidence to favor any
one of such models. On the other hand, while scalar field models of inflation and dark energy
correspond to a modification of the energy-momentum tensor in Einstein equations, there is
another approach to explain the acceleration of the universe. Without thinking of an exotic
matter component responsible for a negative pressure, modifying the theory of gravity itself
may be an alternative approach where there is an effective energy-momentum tensor with
purely geometrical origin due to the modification of the action [58, 81].
1.2.2 f (R) Gravity
The instigation of looking into a ’perhaps more general’ theory of gravity came as early as
in 1918, only a few years after the first papers on General Relativity by Einstein. In that
sense, fourth-order theories of gravity have a long history. These theories generalise the
Einstein-Hilbert action by adding additional scalar curvature invariants to the action. Specific
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attention has been given to theories where general relativity is modified by making the action a
more general analytic function f (R) of the Ricci scalar R. These are generically referred to
as f (R) theories of gravity. The merits and demerits of these theories have been thoroughly
studied in literature. These theories can lead to a period of accelerating expansion early in
the history of the Universe, without the need to consider any exotic matter component. More
recently, these theories have been of considerable interest as a possible explanation for the
observed late-time accelerating expansion of the Universe as well (for detailed discussions on
motivations, successes and challenges of f (R) theories of gravity we refer to the reviews by
Clifton, Ferreira, Padilla and Skordis [58], Sotiriou [59], Sotiriou and Faraoni [60]).
The f (R) modifications of general relativity are derived from an action of the form
SEH =
1
16πG
∫
d4x
√−g f (R). (1.2)
For f (R) = R, one gets the standard Einsteins’ gravity. The field equations, giving rise to
the modified Einstein field equations can be derived from the least action principle by using
different variational approach. Two such variational principles have been mainly considered in
existing literature.
1. The standard metric formalism, where the the connections are considered to be metric
dependent and therefore the only fields present are those coming from the metric tensor.
2. The so-called Palatini variational principle where metric and connection are assumed to
be independent fields. In this case the action is varied with respect to both of them.
For an action linear in R both formalisms lead to the same field equations [81]. For an exhaustive
review on different formalisms of modified theory of gravity we refer the reader to the the work
of Sotiriou and Liberati [82] . In this thesis, we shall restrict ourselves to the metric formulation.
For that purpose, we shall assume the connection to be the usual Levi-Civita connection given
by
Γαµν =
1
2
gαγ
(
∂gγν
∂xµ
+
∂gµγ
∂xν
− ∂gµν
∂xγ
)
, (1.3)
where, as in the rest of the work, Einstein’s convention for implicit summation is assumed. The
convention to be used for the metric signature will be (+,−,−,−). The Riemann tensor is
defined as
Rµναβ =
∂Γµνα
∂xβ
−
∂Γµνβ
∂xα
+ΓµσβΓ
σ
να −ΓµναΓµνβ . (1.4)
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From expression (1.4), the corresponding Ricci tensor and scalar curvature can be written
respectively as
Rµν = Rαµαν R = R
α
α . (1.5)
1.2.3 f (R) gravity in metric formalism
Adding a matter term to the action (1.2), the total action for f (R) gravity becomes
A =
∫ ( f (R)
16πG
+Lm
)
√−g d4x, (1.6)
where Lm is the Lagrangian for the matter distribution. The variation of the action (1.6) with
respect to the metric tensor leads to the following fourth order partial differential equation,
F(R)Rµν − 12 f (R)gµν −∇µ∇νF(R)+gµν□F(R) =−8πGT
m
µν , (1.7)
where F(R) = d fdR . Writing this equation in the form of Einstein tensor, one obtains
Gµν =
8πG
F
(T mµν +T
C
µν), (1.8)
where
TCµν =
1
8πG
(
f (R)−RF(R)
2
gµν +∇µ∇νF(R)−gµν□F(R)
)
. (1.9)
TCµν represents the contribution of the curvature. This may formally be treated as an
effective stress-energy tensor with a purely geometrical origin. It must be noted that this
energy-momentum tensor does not necessarily obey the strong energy condition which holds in
ordinary fluids (dust matter, radiation, etc.).
1.2.4 Criteria for Viability
It must be stressed that f (R) theories ar investigated mainly as toy models, as proofs of the
principle that modified gravity can explain the observed acceleration of the universe without the
need for a dark energy component. Indeed, such examples in the domain of f (R) gravity do ex-
ist that pass all the observational and theoretical constraints, for example the Starobinsky model
[67], where f (R) is given by f (R) = R+ λR0
[
1(
1+R
2
R20
)n
−1
]
. To summarise, f (R) theories
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have helped our understanding of the peculiarities of general relativity in the broader spectrum
of relativistic theories of gravity, and have taught us about important aspects of its simple
generalisations. They even constitute viable alternatives to dark energy models in explaining
the cosmic acceleration, although at present there is no definite prediction that sets them apart
once and for all from dark energy and other models. However, there are well defined criteria
for viability of modified theories of gravity which one must exercise with additional caution.
Referring to the comprehensive description by Faraoni [57], Sotiriou and Faraoni [60] and
references therein, we review the relevant issues in brief in this section.
Certain metric f (R) models have been found to suffer from a non-linear instability, which
makes it difficult to construct relativistic stars in the presence of strong gravity because of a
singularity developing at large curvature. For example, Dolgov and Kawasaki discovered an
instability in the prototype model f (R) =R− µ4R [83], famously known as the Dolgov-Kawasaki
instability, which manifests itself on an extremely short time scale. This result was confirmed
by Nojiri and Odintsov [84, 85]. They also showed that adding an extra R2 term to this specific
f (R) model removes the instability. The instability was rediscovered by Baghram, Farhang and
Rahvar [86] for a specific form of the function f (R) and was later generalized to arbitrary f (R)
theories in the metric formalism by Faraoni [57, 87], Cognola and Zerbini [88].
A general stability analysis of f (R) models can be done by parametrizing the deviations from
general relativity by assuming f (R) of the form
f (R) = R+ εχ(R), (1.10)
where ε is a small positive constant with the dimensions of a mass squared and the function χ
is dimensionless. For a step by step calculation we refer the reader to the reviews of Sotiriou
and Faraoni [57, 60, 89].
The ultimate conclusion is that the theory is stable if and only if d
2 f (R)
dR2 ≥ 0 and unstable if
d2 f (R)
dR2 < 0. The instability of stars made of any type of matter in theories with
d2 f (R)
dR2 < 0 (for
example, f (R) = 1R ) was confirmed with a generalized variational principle approach by Seifert
[90]. The stability condition d
2 f (R)
dR2 ≥ 0 was readressed by Sawicki and Hu through a detailed
study of cosmological perturbation [91].
The criterion d
2 f (R)
dR2 ≥ 0 can be interpretated in a simple manner following the arguments given
by Faraoni [89]. Remembering that the effective gravitational coupling is Ge f f = GF(R) , if
dGe f f
dR =−
G d
2 f
dR2
( d fdR )
2 > 0 (which corresponds to
d2 f
dR2 < 0), then Ge f f increases with R and a large cur-
vature causes gravity to become stronger, which in turn causes a larger R, in a positive feedback
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mechanism driving the system away. There is no stable ground state if a small curvature grows
rapidly without limit and the system runs away. If instead the effective gravitational coupling
decreases when R increases, which is achieved when dGe f fdR ≥ 0, then a negative feedback damps
the increase in the gravitational coupling strength and there is no running away of the solutions.
A well-posed initial value problem is necessary in order for a physical theory to have a
predictability. The initial value problem for metric f (R) gravity is well-posed in vacuum and
also for reasonable forms of matter; as in the context of general relativity, as discussed by
Salgado [92], Salgado, Martinez del Rio, Alcubierre and Nunez [93]. A comparative study of
the cauchy problem for metric f (R) gravity and for general relativity can be found in the works
of Noakes [94], Cocke and Cohen [95].
Ghosts are massive states of negative norm which cause lack of unitarity and are common
when trying to generalize Einstein’s gravity. More general theories of the form f (R,RabRab,RabcdRabcd
may contain ghost fields. A possible exception can be the case in which the extra terms appear
in the Gauss-Bonnet combination, for instance G = R2− 4RabRab +RabcdRabcd [96], but in
general f (R) gravity is ghost-free.
A proper cosmological dynamics must include an early inflationary era followed by a
radiation era and a matter era during which structure formation took place, followed by the
present accelerated era. The transitions between consecutive eras must be smooth. While
describing the exit from radiation era some models of f (R) cosmology lead to inconsistency.
Problems regarding a smooth exit from radiation era in f (R) cosmological models have also
been thoroughly addressed in literature (we refer to the descriptions by Faraoni [57], Amendola,
Polarski and Tsujikawa [97] and Amendola, Gannouji, Polarski and Tsujikawa [98]. The
allowed functional form of the function f (R) is not unique but rather, depends heavily on the
expansion history of the universe. It is not expected to assume a simple form of the Ricci scalar
as discussed by Capozziello, Stabile and Troisi [99] and Amendola et. al. [98] who derived the
conditions for the cosmological viability of f (R) dark energy models.
Structure formation of the universe depends heavily on the theory of gravity. Song, Hu, and
Sawicki [100–102] assumed an expansion history typical of the ΛCDM model and found that
various modes of structure formation are not affected by f (R) corrections to Einstein gravity.
The condition d
2 f
dR2 ≥ 0 for the stability of perturbations are also well-established in this regards,
in agreement with the arguments discussed above. Overall, the study of structure formation
in modified gravity is still a ’work in progress’, and often is performed within the context of
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specific models, some of which are already in trouble because they do not pass the weak-field
limit or the stability constraints.
A viable f (R) model needs to be close to General Relativity in local regions for consistency
with local gravity constraints. In the weak-limit approximation, all these classes of theories
should be expected to reproduce general relativity which, in any case, is experimentally tested
most successfully in this limit [103]. This fact is matter of debate since extended theories of
gravity do not reproduce exactly Einstein results in the Newtonian approximation but, in some
sense, generalize them. In fact, as it was firstly noticed by Stelle [104], a R2 theory gives rise
to Yukawa like corrections to the Newtonian potential which could have interesting physical
consequences. There are claims for explaining the flat rotation curves of galaxies by using such
terms by Sanders [105–107]. Various issues regarding Newtonian limit of extended theories of
gravity has been nicely summarized by Capozziello [108].
The weak-field limit of metric f (R) gravity was studied by Sotiriou and Faraoni [60],
following early work on particular models by Chiba et. al. [109] and Olmo [110]. These
investigations confirm the existence of a chameleon effect in f (R) gravity models. It is
analogous to the chameleon mechanism of quintessence scalar field models with potentials
V (φ) ∼ 1φα (with α > 0) (for an idea regarding the chameleon mechanism of scalar field
cosmology we refer to the work of Sokolowski [101], Faulkner, Tegmark, Bunn and Mao
[102] and to the review of Faraoni [57]). Clifton and Barrow investigated the cosmological
and weak-field properties of models extending general relativity by means of a Lagrangian
proportional to R1+δ . They discussed that in order to be compatible with the local astronomical
tests like the perihelion shift, an f (R) model should be very close to General Relativity; for
instance, for f (R) = R1+δ , δ could at most be of the order of 10−19 [111].
1.2.5 f (R) models in the context of the present accelerated expansion of
the universe
Lots of f (R) models have been proposed and scrutinized from various physical perspectives
over the years. To modify the standard Einstein gravity at low curvature, the simplest possibility
is to consider a 1R term in the Einstein-Hilbert action. Such a theory maybe suitable to derive
cosmological models with a late time acceleration. However, it is now realized that inclusion
of such terms in the Einstein-Hilbert action leads to instabilities [58, 112].
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The model with f (R) = R+αR2(α > 0) can lead to the accelerated expansion of the
Universe because of the presence of the αR2 term. In fact, this was the first model of inflation
proposed by Starobinsky in 1980 [67]. This model is well consistent with the temperature
anisotropies observed in Cosmic Microwave Background as discussed by Clifton et. al. [58],
Paul, Debnath and Ghose [112], Starobinsky [67], Sotiriou and Faraoni [60]. The discovery of
dark energy in 1998 also stimulated the idea that cosmic acceleration today may originate from
some modification of gravity to General Relativity and that led to extensive studies of different
possible forms of f (R) to explain the dark energy and to realize the late-time acceleration. For
example, the model with a Lagrangian density f (R) = R− αRn (α > 0,n > 0) was proposed
for dark energy in the metric formalism by Paul, Debnath and Ghose [112]. However, this
model carries a matter instability as well as few difficulties to satisfy local gravity constraints;
moreover it does not possess a standard matter-dominated epoch because of a large coupling
between dark energy and dark matter. Further, addition of an R2 term or an lnR term to the
action leads to consistent modified theory of gravity which may pass satisfactorily the solar
system tests, free from instability problems as shown by Nojiri and Odintsov [84, 85].
It is only logical to explore a theory which could accommodate both an inflationary scenario
at the early universe and an accelerating phase of expansion at late time followed by a matter
dominated phase. From this idea, modified theories of gravity which contains both positive and
negative powers of the Ricci Scalar R are studied. A general form of f (R) can be written as
f (R) = R+αRm+
β
Rn
, (1.11)
where α , β represent coupling constants, and m and n are positive constants. The Rm term
dominates and it permits power law inflation if 1≤ m≤ 2, in the large curvature limit [112].
However, no definite physical criteria has been found so far to select a particular kind
of theory capable of matching the data at all scales. For example, simple Rm models do
permit a matter dominated universe but fails to connect to the late accelerating phase [112].
Observational signature of f (R) dark energy models that satisfy cosmological and local gravity
constraints fairly well were discussed by Copeland, Sami and Tsujikawa [79]. Das, Banerjee
and Dadhich [113] showed that it is quite possible for an f (R) gravity to drive a smooth
transition from a decelerated to an accelerated phase of expansion at a recent past.
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1.2.6 Exact solutions and Gravitational Collapse in f (R) Gravity
It is indeed true that viable f (R) models are quite successful in providing a geometrical origin
of the dark energy sector of the universe. However, they pose considerable difficulties in some
other significant sectors. It is extremely difficult to find exact solutions as the field equations are
fourth order differential equations in the metric components. Nevertheless, significant attention
has been dedicated in finding spherically symmetric solutions in f (R) theories [114], including
the collapsing solutions [115, 116].
Static Spherically Symmetric Solutions
A great deal of attention has been devoted to tatic spherically symmetric (SSS) solutions of the
gravitational field equations in f (R) gravities [117, 118]. Solutions in vacuum have been found
by simplifying assumptions like considering relations among metric coefficients or imposing a
constant Ricci curvature scalar.
• Static spherically symmetric exact solutions are obtained by Capozziello, Nojiri, Odintsov
and Troisi for the case where Ricci scalar is a function of radial coordinate only [99].
• SSS black-hole solution is obtained for a positive constant curvature scalar by Cognola
et. al. [119], and a black hole solution is discussed by requiring a negative constant
curvature scalar by Cruz-Dombriz, Dobado and Maroto [120].
• There are some black hole solutions in literature for nonconstant curvature scalar [121–
123] as well and for gravity coupled to Yang-Mills field [124, 125] and coupled to
nonlinear electrodynamics [126, 127].
• Hendi et al. [128, 129] further generalized the static spherically symmetric f (R) black
hole solution to include conformally invariant Maxwell sources. The f (R) Maxwell
black hole solutions has been analyzed in detail by Moon et al. [124].
• A new covariant formalism for static spherically symmetric solutions in f (R) theories
is introduced by Nzioki, Carloni, Goswami and Dunsby quite recently which shows
that Schwarzschild solution is not a unique solution in these theories [114]. Thus, the
Birkhoff theorem of General Relativity may not carry over to f (R) gravity [130–132] in
general.
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Non static collapsing solutions
Only a few exact solutions in f (R) gravity are known which can describe the time evolution of
massive astronomial bodies. Hence, it is of immense importance to look for non-static solutions
in f (R) gravity and discuss its difference from the conventional picture of gravitational collapse.
Though field equations of f (R) gravity are notoriously non-linear, there are some attempts in
recent literature to study the time evolution of a spherical gravitational collapse.
• Bamba, Nojiri and Odintsov [133] investigated the curvature singularity appearing in
stellar collapse process in f (R) theories.
• The time scale of the appearance of singularity in exponential f (R) gravity was studied
by Arbuzova and Dolgov [134] and they found that, explosive phenomena in a finite time
may appear in systems with time dependent increasing mass density.
• Santos [135] investigated neutron stars in f (R) theories and showed that f (R) theory
allows neutron stars to equilibriate with arbitrary baryon number, independent of their
size.
• Charged black holes in f (R) gravity can have a new type of singularity due to higher
curvature corrections, the so-called f (R)-induced singularity, although it is highly model-
dependent, as discussed by Hwang, Lee and Yeom [136].
• There has been a recent investigation using numerical simulations by Borisov, Jain
and Zhang [137]. Guo, Wang and Frolov [138] investigated spherical collapse in f (R)
gravity numerically in double-null coordinates in Einstein frame, where the nonlinear
contribution of the curvature in the action is reduced to a nonminimally coupled scalar
field via a conformal transformation.
• Kausar and Noureen [139] worked on the effect of an anisotropy and dissipation in the
fluid distribution of a collapsing sphere in a particular f (R) model given by f (R) =
R+ αRn and studied the effect of electromagnetic field on the instability range of
gravitational collapse. The instability ranges in the Newtonian and post-Newtonian
regimes of an adiabatic anisotropic collapsing sphere in the context of Palatini f (R)
gravity was studied in detail by Sharif and Yousaf [140], by constructing the collapse
equation with the help of the contracted Bianchi identities of the effective as well as the
usual energy-momentum tensor. The dynamical instability of the charged expansion-free
evolution of a spherical collapse in f (R) gravity was also addressed by Sharif and Yousaf
[141].
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• In a very recent work Cembranos, Cruz-Dombriz and Nunez [115] investigated the
gravitational collapse in f (R) gravity theories in detail for a general f (R) model with
uniformly collapsing cloud of self-gravitating dust particles.
Matching conditions and spherically symmetric collapsing bodies in f (R) gravity
For any massive self-gravitating body undergoing gravitational collapse, the spacetime of the
interior has to be matched smoothly with the exterior spacetime. This is not a straight-forward
task in f (R) theories since the fourth order field equations lead to extra matching conditions
between two spacetime beyond the usual Israel-Darmois [142, 143] conditions in General
Relativity. The extra conditions arising from the matching of the Ricci scalar and it’s normal
derivative across the matching surface, heavily constrict the set of useful astrophysical solutions
[144, 145].
In a very recent extensive work by Goswami, Nzioki, Maharaj and Ghosh, based on the
existence of extra matching conditions, an exact inhomogeneous solution in the Starobinski
model with f (R) = R+αR2 was found, where the collapsing stellar matter has anisotropic
pressure and heat flux [146]. It is quite interesting to note that this solution mimics the Lemaitre-
Tolman-Bondi dust solution [147–149] in General Relativity. A general conclusion from the
work of Goswami et. al. [146] can be summerized that for any non-linear function f (R), homo-
geneous dynamic stars with non-constant Ricci scalar cannot be matched to a static exterior
spacetime across a fixed boundary. This result has remarkable consequence such as no stellar
collapse model mimicking the Oppenheimer-Snyder-Datt [10] dust collapse (A collapsing
homogeneous dust ball with an exterior Schwarzschild spacetime) can be admissible in f (R)
theories anymore; investigations regarding gravitational collapse of homogeneous matter in
modified gravity (for example [115]) also become redundant from this point of view. However,
it still remains to be seen the results of collapsing evolution in other f (R) models.
Assuming any physically realistic star with spatial inhomogeneity should be matched with a
static vacuum solution (which, in the case of spherical symmetry is the Schwarzschild solution)
we briefly review here the matching of two spacetimes ν± across the boundary surface denoted
by Σ, mainly following the arguements of Goswami et. al. [146]. The boundary surface must be
the same in ν+ and ν−, which implies continuity of both the metric and the extrinsic curvature
of Σ as in General Relativity [142, 143]. Moreover, in f (R)-theories of gravity, continuity of
the Ricci scalar across the boundary surface and continuity of its normal derivative must also
be taken care of. For a mathematical detail we refer to the works of Senovilla [150], Clifton,
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Dunsby, Goswami and Nzioki [144], Deruelle, Sasaki and Sendouda [151].
Writing the metric of the interior and exterior spacetime locally (near the matching surface) in
terms of the Gaussian coordinates
ds2 = gabdξ adξ b = dτ2+ γi jdξ idξ j, (1.12)
where ξ i, i= 1,2,3 are the intrinsic coordinates to Σ, γi j is the intrinsic metric (first fundamental
form) of Σ and the boundary is located at τ = 0. Given 1.12, together with the extrinsic curvature
(second fundamental form) of the boundary surface defined by
Ki j =−12∂τγi j, (1.13)
the Ricci scalar can be written as
R = 2∂τK− K˜i jK˜i j− 43K
2+R, (1.14)
where R is the Ricci curvature constructed from the 3-metric γi j, K is the trace part of the
extrinsic curvature and K˜i j is the trace-free part.
The continuity requirements at the boundary lead to the following junction conditions in
f (R)-theories [
γi j
]+
− = 0, (1.15)
d2 f (R)
dR2
[∂τR]+− = 0, (1.16)
d f (R)
dR
[
K˜i j
]+
− = 0, (1.17)
[K]+− = 0, (1.18)
[R]+− = 0, (1.19)
provided d
2 f (R)
dR2 ̸= 0. The conditions (1.16) and (1.19) are the extra conditions that arise in
f (R)-theories with non-linear function f (R). These extra conditions are necessary for the con-
tinuity of the field equations across the boundary hypersurface and they impose considerable
constraints on the viability and consistency of the solutions.
For a non-static collapsing solution, the interior must have a well-defined time evolution.
Thus the dynamic homogeneous spacetime interior to the boundary hypersurface has non-
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constant Ricci scalar. Therefore one has a conundrum on the cards since the Ricci scalar will
evolve with time on one side of the boundary, whereas on the other side of the boundary the
Ricci scalar remains constant for a static exterior spacetime. Hence the junction condition (1.19)
can never be satisfied for all epochs. This immediately nullifies the existence of homogeneous
dynamic stars with non-constant Ricci scalar for example, for collapsing dustlike matter as in
Oppenheimer-Snyder-Datt model [10, 15]. The only homogeneous collapsing stars that can be
matched to a static exterior are those which have a constant Ricci scalar in the interior. Thus
the modification in the theory of gravity restricts the allowed structure and the thermodynamic
properties of the collapsing star. However, alternatively the exterior of a collapsing star can be
assumed as non-static, though the solar system experiments seem to suggest otherwise. The
matching of the Ricci scalar and the normal derivative across the surface of a homogeneous star
is still not possible unless one allows a jump in the curvature terms of the field equations across
the boundary [152, 153]. This will lead to surface stress energy terms, that are purely generated
by the dynamic curvature. Those terms on a realistic collapsing stars must have observational
signatures and can perhaps be established via experimental evidences [146].
In summary, one must ask the question whether it is at all possible to find a physically
realistic inhomogeneous collapsing solution in f (R) gravity such that the collapsing stellar
matter obeys all the energy conditions and at the comoving boundary of the collapsing star, the
interior spacetime matches smoothly with a Schwarzschild exterior spacetime. Although highly
non-linear and non-trivial to solve, under suitable symmetry assumptions the field equations
can be written in integrable form to extract exact collapsing solutions in f (R) gravity. In this
thesis a few simple models of gravitational collapse in f (R) gravity are discussed which predict
an unhindered contraction of inhomogeneous fluid distribution ending in either a black hole or
a naked singularity, depending on initial collapsing profiles and functional forms of f (R).
1.3 Introduction to Scalar Fields
As already discussed in section 1.2.1, the recent observation of type Ia supernova (SNIa)
([154, 155] and [156]) indicated that the present universe is undergoing an accelerated expan-
sion. The phase of cosmic acceleration of the universe cannot be explained by considering
standard matter in the form of a fluid alone. An additional component is needed to explain the
accelerated expansion of the universe, generating a pressure that works in the opposite way of
gravity. This component is popularly called the dark energy.
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The most simple model to create an acceleration is the Cosmological Constant, Λ in the Ein-
stein equations. However, this cosmological constant suffers a serious fine tuning problem [80],
thw observationally required value is unfathomably smaller than the theoretically predicted
value of the vacuum energy density, which actually plays the role of Λ. Therefore it is better
to assume that the vacuum energy density is zero and that something else causes the negative
pressure in the universe. From this motivation, time dependent scalar fields φ = φ(t) with a
self-interaction potential are studied as a likely candidate for the driver of the late-time acceler-
ation such that the Lagrangian can lead to a dynamical equation of state parameter w = w(t),
which can evolve to pick up a value less than−13 so as to drive the present accelerated expansion.
The dark energy could not have been dominant in the early universe, because in such a case
structure formation would be an impossibility. Therefore it is preferrable to describe models
in a manner such that dark energy naturally becomes dominant at late times independent of
initial conditions. From this perspective, models with a tracker behavior were first proposed, in
which the dark energy density closely tracks the radiation density until the radiation-matter
equality is reached; after this epoch, a scalar field starts behaving as dark energy, eventually
dominating the universe. Zlatev, Wang and Steinhardt [157] introduced the concept of a
tracker field. They showed that the evolution of tracker field is blind to a very wide range
of initial conditions and rapidly converge to a common evolution track; eventually the scalar
field energy density overtaking the matter density. It was also argued that a sufficiently stiff
interaction potential can lead to tracking behaviour [158]. Peebles and Ratra [159] showed that
exponential potentials can lead to stable tracking solutions. Liddle and Scherrer [160] studied a
classification of scalar field potentials with cosmological scaling solutions in details, analysing
exact solutions and their stability properties, over a range of possible cosmological applications.
These considerations motivated a search for a dynamical dark energy model caused by an exotic
scalar field. Theoretically, in particle physics and string theory, scalar fields arise in a natural
way, to give masses to standard-model fields without breaking gauge symmetry, for example
as the Higgs particle, the dilaton field and tachyons. Scalar fields also arise in the low-energy
limit of higher-dimensional theories of gravity [161–163].
A very popular choice includes a scalar field minimally coupled to the gravitational field, for
which the relevant action is given by
A =
∫ √−gd4x[R+ 1
2
∂ µφ∂µφ −V (φ)+Lm], (1.20)
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where V (φ) is the interaction potential and Lm is the Lagrangian density for the fluid distribution.
From this action, the contribution to the energy-momentum tensor from the scalar field φ can
be written as
T φµν = ∂µφ∂νφ −gµν
[
1
2
gαβ∂αφ∂βφ −V (φ)
]
. (1.21)
where R is the curvature scalar, φ is the scalar field, V (φ) is the self-interaction potential and it
is standard to use natural units. For a flat FRW scalar field dominated Universe with the line
element
ds2 = dt2−a2(t)(dx2+dy2+dz2) , (1.22)
where a(t) is the scale factor, the evolution of a cosmological model is determined by the
system of the field equations
3H2 = ρφ =
φ˙2
2
+V (φ) , (1.23)
2H˙ +3H2 = −pφ =− φ˙
2
2
+V (φ) , (1.24)
and the evolution equation for the scalar field
φ¨ +3Hφ˙ +V ′ (φ) = 0, (1.25)
where H = a˙/a > 0 is the Hubble expansion rate, the overhead dot denotes the derivative with
respect to the cosmic time t, while the prime denotes the derivative with respect to the scalar
field φ , respectively.
In the next section we review the existing cosmological models based on scalar fields in very
brief.
1.3.1 A brief review of Cosmological models based on scalar fields
Inflation
In order to overcome a number of cosmological problems such as flatness and horizon problems
which plagues in the standard big-bang scenario, it is required to consider an epoch of accel-
erated expansion in the early universe, i.e., inflation. From this point of view, homogeneous
scalar fields, dubbed inflaton, are considered as possible candidates whose potential energy
leads to an exponential expansion of the universe. In general, the investigations go under
the assumption of a single scalar field, with some underlying potential. The usual strategy
includes a treatment of the system under the slow-roll approximation [71, 79, 164], through
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simplifying the classical inflationary dynamics of expansion, ignoring the contribution of the
kinetic energy of the inflation to the expansion rate. This has been a vastly popular approach
to address the issue of inflation and there are lots of relevant investigations in the literature
(for example, Copeland, Sami and Tsujikawa [79], Harko, Lobo and Mak [165], Liddle and
Lyth [71], Caldwell, Dave and Steinhardt [166], Bassett, Tsujikawa and Wands [167], Caldwell
and Linder [168], Barreiro, Copeland and Nunes [169], Maleknejad, Sheikh-Jabbari and Soda
[170]); the respective potentials allowing a graceful exit have also been well classified [171].
The basic ideas of inflation were originally proposed by Guth [69] and Sato [70] independently
in 1981. A revised version was proposed by Linde [172], Albrecht and Steinhardt [173] in 1982,
which is dubbed as new inflation. In 1983 Linde [174] considered chaotic inflation, in which
initial conditions of scalar fields were chaotic. By far the most useful property of inflation is
that it generates both density perturbations and gravitational waves. There are different widely
accepted methods of such measurements, for example, the analysis of microwave background
anisotropies, velocity flows in the Universe, clustering of galaxies and the abundance of gravita-
tionally bound objects of various types as discussed by Liddle[164]. Many kinds of inflationary
models have been constructed over the past couple of decades (we refer to the work of Kolb
[175], Linde [172, 174, 176], Albrecht and Steinhardt [173], Bassett, Tsujikawa and Wands
[167], Copeland et. al. [177] for a classification). In particular, the recent trend is to construct
consistent models of inflation based on superstring or supergravity models (for a review in such
a direction we refer to the work of Lyth and Riotto [72]).
The Dark Energy component
A large number of cosmological models which can account for the dark energy component of
the universe are there in the literature. All of them have their merits, but none perhaps has a
firm precedence over the others.
1. Quintessence (originates from a greek word quinta essentia, the fifth element after
air, earth, fire and water, a sublime perfect substance.) is a dynamical alternative to
cosmological constant. In quintessence scalar field models of dark energy an ordinary
scalar field φ is minimally coupled to gravity. The potential of the Quintessence field is
assumed to be dominant with respect to its kinetic energy. For a detailed review we refer
the reader to the monographs by Sami [178] and Tsujikawa [179] and references therein.
2. It is also possible to have models of dark energy where the kinetic energy drives the
acceleration. Originally kinetic energy driven acceleration was introduced to describe
inflation of the early universe and this model was named as k-inflation [180]. Chiba,
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Okabe and Yamaguchi [109] first introduced this idea to describe late time acceleration,
later generalized by Armendariz-Picon, Mukhanov and Steinhardt [181, 182] and called
the K-essence models (abbreviation of Kinetic Quintessence) of dark energy.
3. Atypical scalar field models include Phantom scalar field models and Galileons. Scalar
fields φ that are minimally coupled to gravity and carry a negative kinetic energy, are
known as phantom fields. They were first introduced by Caldwell [183]. The phantom
fields accelerate the universe to a stage of infinite volume and an infinite expansion rate
at a finite future. The properties of phantom cosmological models, the phenomenon of
the phantom divide line crossing in the scalar field models were investigated by Carrol,
Hoffman and Trodden [184] and Kamenshchik [185]. Galileons on the other hand,
include non-linear derivative interaction. In fact, the standard model Higgs boson may
act as an inflaton due to Galileon-like interaction as discussed by Kamada, Kobayashi,
Yamaguchi and Yokoyama [186]. Generalized Galileons as a framework to develop
single-field inflation models were studied by Kobayashi, Yamaguchi and Yokoyama [187].
However, some of these theories admit solutions violating the null energy condition and
have no obvious pathologies.
However, it must be mentioned that despite of exhaustive attempts over the years, the
distribution of the dark energy vis-a-vis the fluid is not known. It is generally believed that
the dark energy does not cluster at any scale below the Hubble scale. The study of collapse of
scalar fields, particularly in the presence of a fluid may in some way enlighten us regarding
the possible clustering of dark energy. In the next section we briefly summerise existing
and ongoing possibilities coming out of a Scalar Field Collapse; collapsing solutions of the
Einstein field equations in the spherically symmetric case with a massless or massive scalar
field as matter contribution. So scalar fields considered as the matter description is indeed quite
significant.
Apart from its role in cosmology, scalar fields have significance in system undergoing gravita-
tional collapse by its own right, since a scalar field with a variety of interaction potential can
mimic the evolution of many a kind of matter distribution; for instance, Goncalves and Moss
[188] showed that the collapse of a spherically symmetric self-interacting scalar field can be
formally treated as a collapsing dust ball. Many reasonable matter distribution can be modelled
with power law interaction potentials, for example, a quadratic potential, on the average, mimics
a pressureless dust whereas the quartic potential exhibits radiation like behavior [178].
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1.3.2 Scalar Field Collapse
The Cosmic Censorship question is one of the fundamental open problems in general relativity.
It is believed that the study of Einstein field equations under realistic simplifying assumptions,
like spherical or axial symmetry, may ultimately lead to a possible resolution. Special impor-
tance is attached to the investigation of collapse for a scalar field. This is because one would
like to know if cosmic censorship is necessarily preserved or violated in gravitational collapse
for fundamental matter fields, which are derived from a suitable Lagrangian.
The investigation of collapsing solutions of Einstein equations under spherical symme-
try with a massless scalar field as matter contribution began with the pioneering works of
Chritodolou [189–191]. It is commonly expected that such a gravitational collapse will lead to
a black hole end-state only if the initial field is strong enough. It was confirmed by Goldwirth
and Piran [192] who discussed the collapse of a massless scalar field, using a characteristic
numerical method. A similar behavior was observed by Choptuik [193] who solved, indepen-
dently, the same problem using numerical formalism and finite-differencing techniques.
Critical Phenomena in massless scalar field collapse
The now famous critical phenomena in gravitational collapse was discovered by Choptuik
in 1993 [193], who examined numerically the spacetime evolution of massless scalar field
minimally coupled to gravity. The solutions exhibit critical behaviour; if α is the parameter
which characterizes the solutions, then for α > 0 the scalar field collapses, interacts and
disperses leaving behind nothing but flat space. The exactly critical case is given by α = 0
and corresponds to a spacetime which is asymptotically flat, containing a null, scalar-curvature
singularity at r = 0. The remaining case, α < 0, corresponds to a black hole formation. The
model studied by Choptuik was the simplest one so that numerical studies are accurate enough.
The conclusions are intriguing and potentially a rich store for further investigations.
1. The first is the mass scaling law in the resulting black hole mass M as
M ≃ k(p− p∗)γ , (1.26)
where p is a parameter in a one-parameter family of initial data which is varied to give
different initial conditions. While constant k and critical value p∗ depend on the particular
one-parameter family, the exponent γ is universal.
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2. The second finding is universality. For a finite time in a finite region of space, the
spacetime generated by all initial data takes the same form as long as they are close to
the so called critical conditions. The commonly approached solution is called the Critical
Solution.
3. The critical solution has an amazing property, the third phenomenon, called scale-echoing.
In the model studied by Choptuik, the critical solution is scale invariant by a factor eδ as
φ∗(r, t) = φ∗(eδ r,eδ t), (1.27)
where δ ≃ 3.44.
Following Choptuiks’ findings, a lot of other matter models were studied, and similar
critical phenomena were discovered (for example, Brady, Chambers and Goncalves [194] and
Gundlach [195, 196]). It is now clear that the critical phenomena in gravitational collapse are
in fact common features.
There are actually two kinds of critical phenomena, type I and type II, named after analogy
to critical phase transitions in statistical mechanics.
1. A critical solution with temporal periodicity instead of self-similarity or scale invariance
is related to type I phenomena where the resulting black hole mass M is always finite
when a black hole is formed.
2. A critical solution with scale invariance is related to type II critical phenomena, such as
the case studied by Choptuik [193].
Analytical investigations of the critical collapse problem, and a search for a theoretical expla-
nation of the behaviour discovered by Choptuik were carried out by Brady [194] under the
assumption that the collapse is self-similar, i.e. there exists a vector field, ξ , such that the
spacetime metric, g, satisfies Lξg = 2g, where Lξ denotes the Lie derivative with respect to ξ .
Such a scenario leads to a one parameter family of solutions representing scalar field collapse.
These solutions were discussed in details by Roberts [197] in the context of an investigation of
counter-examples to cosmic censorship. There are recent analytical investigations consisting of
increasingly generalised setup [198–200]. Critical collapse in the context of primordial black
hole initial mass function was addressed by Green and Liddle [201]. A general framework for
understanding and analyzing critical behaviour in gravitational collapse was given by Hara,
Koike and Adachi [202] adopting the method of renormalization group, providing a natural
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explanation for various types of universality and scaling observed in numerical studies. In par-
ticular, universality in initial data space and universality for different models were understood
in a unified way. For a detailed review on the Critical Phenomena in Gravitational Collapse we
refer to the monograph by Gundlach [196].
During the last decade, the problem of critical phenomena in a gravitational collapse of
massless scalar field has been addressed rigorously under various interesting setups. Critical
collapse of a massless scalar field with angular momentum in spherical symmetry was studied
by Olabarrieta, Ventrella, Choptuik and Unruh [203]. Hawley and Choptuik [204] found type I
critical solutions dynamically by tuning a one-parameter family of initial data consisting of a
boson star and a massless real scalar field, and numerically evolving the data, they showed that
boson stars are unstable to dispersal in addition to black hole formation. A numerical study of
the critical regime at the threshold of black hole formation in the spherically symmetric, general
relativistic collapse of collisionless matter was carried out by Olabarrieta and Choptuik [205].
Ventrella and Choptuik investigated numerically [206] a collapse of spherically symmetric,
massless spin−12 fields at the threshold of black hole formation and found strong evidence
for a Type II critical solution at the threshold between dispersal and black hole formation. A
numerical study of critical gravitational collapse of axisymmetric distributions of massless
scalar field was presented by Choptuik, Hirschmann, Liebling and Pretorius [207]. Critical
collapse models of neutron stars in spherical symmetry were extensively studied in the past
decade as well. Noble and Choptuik [208] investigated type−II critical phenomane in neutron
star models. Radice, Rezzolla and Kellermann [209, 210] studied the critical evolution of
a family of linearly unstable isolated spherical neutron stars under the effects of very small,
perturbations and found that the system exhibits a type I critical behaviour. Quite recently
Noble and Choptuik [211] addressed the critical collapse of initially stable neutron star models
that are driven to collapse by the addition of either an initially ingoing velocity profile, or a
shell of minimally coupled, massless scalar field that falls onto the star.
Using the hyperbolic formulations of Einstein’s equations, Akbarian and Choptuik [212]
studied type II critical collapse of a massless scalar field in spherical symmetry and generalized
the Baumgarte-Shapiro-Shibata-Nakamura formulation, very recently. Adopting standard
dynamical gauge choices, they evolved the initial data sufficiently close to the black hole
threshold to (1) unambiguously identify the discrete self-similarity of the critical solution, (2)
determine an echoing exponent consistent with previous calculations, and (3) measure a mass
scaling exponent, also in agreement with prior computations.
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Massive scalar field collapse
Gravitational collapse with a scalar field minimally coupled to gravity have been studied
extensively in literature, but usually consisting of a massless scalar field. There is only a limited
amount of work on massive scalar field collapse and that too in a very restricted scenario, which
we summerize in brief below.
• Giambo addressed the conditions under which gravity coupled to self interacting scalar
field determines singularity formation and showed that under a suitable matching with an
exterior solution,the collapsing scalar field may give rise to a naked singularity [213].
• A spherically symmetric collapse of a real, minimally coupled, massive scalar field in an
asymptotically Einstein–de Sitter spacetime was studied by Goncalves [214]; using an
eikonal approximation for the field and metric functions, a simple analytical criterion
was found involving the physical size and mass scales of the initial matter configuration
data to collapse to a black hole.
• Goswami and Joshi constructed a class of collapsing scalar field models with a non-zero
potential, which resulted in a naked singularity as the end state of collapse [215, 216].
• It was shown by Ganguly and Banerjee [217] that a scalar field, minimally coupled to
gravity, may have collapsing modes even when the energy condition is violated, and
discussed the significance of the result in the context of possible clustering of dark energy.
• Quite recently Baier, Nishimura and Stricker [218] proved that a scalar field collapse,
along with a negative cosmological constant, can lead to the formation of a naked
singularity.
• It must be noted that non-spherical models of scalar field collapse are there in literature
as well, for example, self-similar scalar field solutions to the Einstein equations in
cylindrical symmetry symmetry by Condron and Nolan [219, 220], scalar field collapse
with planar as well as toroidal, cylindrical and pseudoplanar symmetries by Ganguly and
Banerjee [221], however, the more popular approach being the spherically symmetric
collapse.
1.4 Summary of the Present Work
In this thesis, the issue of spherically symmetric Gravitational Collapse is addressed. Exact so-
lutions of the Einstein’s field equations in closed form are studied in this regards and spacetime
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singularities are noted to form as an end state. Visibility of such a singular end-state depends on
initial collapsing profiles from which the collapse evolves and in some cases, on the parameters
of the theory itself.
The Chapters 2 and 3, present some simple examples of exact collapsing solutions in f (R)
theories of gravity.
1. In Chapter 2 a simple collapsing scenario for a general f (R) model is studied. An
exact solution is obtained under the assumption of separability of metric coefficients
and pressure isotropy. The interior solution is matched smoothly with a vacuum exterior
solution and it is discussed that the domain of validity of the collapsing solution is
conditional, for instance, for f (R) = R+αR2, one has to choose the parameter α and the
constant R0 such that 1+2αR0 = 0; where the Ricci scalar is of the form R= R0+ψ(r, t).
The visibility of the ultimate shell-focussing curvature singularity depends on constants
of integration coming out from the boundary matching condition and on the particular
form of f (R) (for example, the parameter α for f (R) = R+αR2).
2. In Chapter 3, an attempt has been made to look for collapsing solutions for a class of
theories where f (R) is given as a power law function of R, i.e., f (R)∼ Rn , for as general
a value of n as possible. Imposing the existence of a homothetic Killing vector at the
outset, the metric tensor can be simplified which has nicely been summarized and utilized
by Wagh, Govinder [222] and Wagh, Saraykar, Muktibodh, Govinder [223]. A spacetime
admitting a homothetic Killing vector is called self-similar, where one can have repetitive
structures at various scales. Self-similar solutions have their own significance in various
physical systems describing dynamics or equilibrium structure formations. To name a
few examples, dynamics of strong explosions and thermal waves exhibit self-similarity.
We study the collapsing solutions for such a space-time and find that for certain scenarios
the collapsing fluid indeed hit shell-focussing curvature singularity, but they are always
covered with an apparent horizon. Some interesting cases are observed as well where the
collapsing body, after an initial collapsing era, eventually settles to a constant radius at a
given value of the radial coordinate rather than crushing to singularity.
In Chapters 4, 5 and 6, the collapse of a self-interacting scalar field along with a fluid
distribution is investigated. The scalar field is minimally coupled to gravity. Generally, no
equation of state for the fluid is assumed at the outset. The relevance of such investigations
stems from the present importance of a scalar field as the dark energy as already discussed.
Since the distribution of the dark energy vis-a-vis the fluid is not known except the general
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belief that dark energy does not cluster at any scale below the Hubble scale. The study of
collapse of scalar fields under different formalisms, particularly in the presence of a fluid may
in some way enlighten us regarding the possible clustering of dark energy.
1. In Chapter 4, the collapse of a massive scalar field along with a distribution of perfect
fluid is investigated for a conformally flat spacetime. The potential is taken to be a power
law (V (φ)∼ φ (n+1) ) where n can take a wide range of values. Adopting a completely
different strategy, we exploit the integrability conditions for an anharmonic oscillator
equation and transform the scalar field evolution equation into an integrable form. The
integrability criterion itself leads to a second order equation for the scale factor and some
general conclusions regarding the outcome of the collapse can be extracted. It is found
that a central singularity results which is covered by an apparent horizon for all n > 0
and n <−3.
2. The aim of Chapter 5 is to look at the collapse of a massive scalar field along with a fluid
distribution which is locally anisotropic and contains a radial heat flux. The potential is
taken to be a power law function of the scalar field or suitable combinations of power-law
terms. The existence of a homothetic Killing vector implying a Self-Similarity in the
spacetime is assumed at the outset. Anisotropic fluid pressure and dissipative processes
are quite relevant in the study of compact objects and considerable attention has been
given to this in existing literature. Particularly when a collapsing star becomes too
compact, the size of the constituent particles can no longer be neglected in comparison
with the mean free path, and dissipative processes can indeed play a vital role, in shedding
off energy so as to settle down to a stable system. Collapsing modes leading to a final
singular state are found. Whether the singularity of a zero proper volume occurs at a finite
future or the modes are forever collapsing without practically hitting the singular state,
depends on the potential as well as the initial conditions. Some of the singularities are
found not covered by an apparent horizon. This perhaps indicates the fact that the scalar
field contribution can violate the energy conditions. Anisotropy of the fluid pressure and
the heat flux (departure from the perfect fluid) can also contribute towards this existence
of Naked Singularities.
3. In Chapter 6, an analogue of the Oppenheimer-Synder collapsing model is treated
analytically, where the matter source is a scalar field with an exponential potential. The
Klein-Gordon equation describing the dynamics of the scalar field is simplified into a
first order non-linear differential equation. The end state of the collapse is predicted to
be a finite time shell-focusing singularity. The evolution of the system is found to be
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independent of different parameters defining the self-interacting potential. The collapse
is simulteneous and results in a singularity which acts as a sink for all the curves of
the collapsing congruence. An apparent horizon is always expected to form before the
formation of zero proper volume singularity, which therefore remains hidden forever.

Chapter 2
Spherically symmetric collapse of a
perfect fluid in f(R) gravity*
In this chapter the gravitational collapse of a perfect fluid in a general f (R) gravity model is
investigated. For a general f (R) theory, through an investigation of the field equations it is
shown that a collapse is quite possible. The singularity formed as a result of the collapse is
found to be a curvature singularity of shell focussing type. The possibility of the formation of
an apparent horizon hiding the central singularity depends on various initial conditions and a
smooth matching of the collapsing interior to a static exterior solution.
As already discussed in sections 1.2.2 and 1.2.3, replacing the Ricci curvature R by any
analytic function of R in the Einstein-Hilbert action is generically called an f (R) theory of
gravity. In fact, every different function f = f (R) leads to a different theory. Besides the
explanation ”why not?”, the primary motivation was to check whether such an f (R) theory,
particularly for f (R) = R2, can give rise to an inflationary regime in the early universe [67, 224].
The implications of an f (R) theory in the context of cosmology was investigated by Barrow and
Ottewill [225]. In the context of the discovery that the universe is undergoing an accelerated
expansion at the present epoch, f (R) theories find a rejuvenated interest so as to provide a
possibility of a curvature driven late time acceleration where no exotic matter component has
to be put in by hand. After the intial work by Capozziello et al[226] and Caroll et al[227], a lot
of work has been done where a late time acceleration of the universe has been sought out of
inverse powers of R in the Einstein-Hilbert action. Das, Banerjee and Dadhich [113] showed
that it is quite possible for an f (R) gravity to drive a smooth transition from a decelerated to an
accelerated phase of expansion at a recent past. Various f (R) theories and their suitability in
*The results of this chapter are reported in General Relativity and Gravitation 48:57 (2016)
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connection with various observations have been dealt with in detail by Amendola et al [97, 98],
Felice and Tsujikawa [228], Nojiri and Odintsov [229]. There are well defined criteria for
vialbility of modified theories of gravity which one must look at carefully.
For a local distribution of mass, a gravitational collapse may lead to different interesting
possibilities. For example, if the end product of a collapse is a singularity, then the question
arises whether the singularity is hidden from the exterior by an event horizon or is visible for
an observer. Basic ideas of such an unhindered gravitational collapse and the possibility of
different end-states is discussed in section 1.1. Although various aspects of f (R) gravity has
been investigated, the outcome of a collapse has hardly been addressed. The motivation of this
chapter is to investigate the possibility of the formation of a black hole or a naked singularity
as a result of a perfect fluid collapse in an f (R) gravity model. A simple form of the metric is
assumed to start with, so in that sense it may not very general, but an exact collapsing solution
can be found which is valid for a fairly large domain of the theory. The density and pressure of
the collapsing fluid are found to be inhomogeneous throughout the evolution, so the result is in
accord with that obtained by the recent extensive work of Goswami et al [146] who concluded
that for any non-linear function f (R), homogeneous dynamic stars with non-constant Ricci
scalar cannot be matched to a static exterior spacetime across a fixed boundary. The possibility
of the formation of a black hole, i.e. an apparent horizon or a naked singularity as the end
product of the collapse is found to be dependent on the initial conditions.
2.1 Collapsing model and formation of singularity
2.1.1 Field Equations
In f (R) theories, the Einstein-Hilbert action of General Relativity is modified by using a general
analytic function f (R) instead of R. The action is given by
A =
∫ ( f (R)
16πG
+Lm
)
√−g d4x, (2.1)
where Lm is the Lagrangian for the matter distribution. We take up the standard metric
formulation where the action is varied with respect to gµν as opposed to a Palatini variation
where both of the metric and the affine connections are taken as the arguments of variation.
The variation of the action (2.1) with respect to the metric tensor leads to the following fourth
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order partial differential equation as the field equation,
F(R)Rµν − 12 f (R)gµν −∇µ∇νF(R)+gµν□F(R) =−8πGT
m
µν , (2.2)
where F(R) = d fdR and T
m
µν is the fluid contribution to the energy momentum tensor. Writing
this equation in the term of Einstein tensor, one obtains
Gµν =
κ
F
(T mµν +T
D
µν), (2.3)
where
TCµν =
1
κ
(
f (R)−RF(R)
2
gµν +∇µ∇νF(R)−gµν□F(R)
)
. (2.4)
T Dµν represents the contribution of the curvature in addition to Einstein tensor and κ = 8πG.
This may formally be treated as an effective stress-energy tensor T Dµν with a purely geometrical
origin. The stress-energy tensor for a perfect fluid is given by T mµν = (ρ+ p)vµvν− pgµν . Here
ρ and p are the density and isotropic pressure of the fluid respectively and vµ is the velocity
four-vector of the fluid particles, which, being a timelike vector, can be normalized as vµvµ = 1.
2.1.2 Exact Solution and time evolution of the collapsing sphere
The metric is taken to be Lemaitre-Tolman-Bondi [147–149] type with separable metric
components,
ds2 = dt2−B(t)2X(r)2dr2− r2B(t)2dΩ2, (2.5)
where dΩ2 is indeed the metric on a unit two-sphere. The (0,1) component of the effective
Einstein’s equation (2.3) can be written from equations (2.5) and (2.4) as
F˙ ′
F ′
=
B˙
B
, (2.6)
which readily integrates to give,
F ′ = k0(r)B (2.7)
where k0(r) is an arbitrary function of r, which comes from the integration with respect to t.
Overhead dot and prime represent differentiations with respect to time t and r respectively.
This equation can be written in the form
F = B
∫
k0(r)dr = B(t)k1(r), (2.8)
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where we have written
∫
k0(r)dr = k1(r).
Equation (2.8), along with the condition of pressure isotropy, yields
2
B¨
B
−2 B˙
2
B2
=
1
B2
(
1
X2r2
− 1
r2
+
X ′
rX3
+
k′1
rk1X2
− k
′′
1
k1X2
+
k′1X
′
k1X3
)
. (2.9)
Multiplying both sides by B2, one can easily see that LHS of the resulting equation is a function
of time whereas RHS is a function of r only. Therefore both sides must be equal to a constant.
Since we are mainly interested in the time evolution of the collapsing system, we concentrate
on the time dependent part of the equation,
2
B¨
B
−2 B˙
2
B2
+
λ
B2
= 0, (2.10)
where λ is the separation constant and is positive.
This yields a first integral as
B˙2 = βB2+
λ
2
, (2.11)
where β is a constant of integration. Since we are interested in a collapsing situation we shall
henceforth be using the negative root, i.e., B˙ < 0. With this assumption equation (2.11) is
integrated to yield a simple solution.
B(t) =
1
2
e
√
β (t0−t)− λ
4β
e−
√
β (t0−t). (2.12)
The r-dependent part of equation (2.9) works as a constraint over the choice of initial data
and gives a relation between k1(r) and X(r) as
1
X2r2
− 1
r2
+
X ′
rX3
+
k′1
rk1X2
− k
′′
1
k1X2
+
k′1X
′
k1X3
+λ = 0. (2.13)
2.1.3 Evolution of Density, Pressure, Curvature invariants and forma-
tion of a shell-focussing Curvature Singularity
Using equation (2.11) for the G00 and G
1
1 components of the field equations, the evolutions of
density and pressure in terms of f (R), F(R) and the metric coefficients can be written as
ρ =−(4βk1+ f2F )B−
k1
B
(
2λ +
2
r2
+
k′′1
k1X2
+
2
r2X2
+
2k′1
rk1X2
− X
′k′1
k1X3
)
, (2.14)
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p = (4βk1+
f
2F
)B+
k1
B
(
7λ
2
+
2
r2X2
+
2X ′
rX3
+
2k′1
rk1X2
)
. (2.15)
Using the definition of Misner-Sharp mass function, which can be written as the total energy
contained by the sphere [230],
m(r, t) =
[
C
2
(1+
C˙2
A2
−C
′2
B2
)
]
, (2.16)
for a general spherically symmetric spacetime given by ds2 = A2(t,r)dt2 − B2(t,r)dr2 −
C2(t,r)dΩ2. Using the first integral (2.11) we can write
m(r, t) =
[
rB
2
(1+ r2βB2+ r2
λ
2
− 1
X2
)
]
, (2.17)
for the present case.
One can see from equation (2.12) that when t = t0− 12√β ln(
λ
2β ), B(t) goes to zero, hence the
collapsing fluid crushes to a singularity of zero proper volume whose measure is
√−g = B3X .
Equations (2.14), (2.15) show that both the fluid density and pressure diverge to infinitely
large values when B(t)→ 0, i.e. at the singularity of zero proper volume. As these physical
quantities, like density and pressure, are all functions of r, the fluid distribution is not spatially
homogeneous. The collapse is thus different from the Oppenheimer-Snyder collapse in general
relativity [10].
The Ricci Scalar R = Rαα for the metric (2.5) is given by
R =−12β − 2
B2
(
3
λ
2
+
2X ′
rX3
+
1
r2
− 1
r2X2
)
, (2.18)
and the Kretschmann scalar is given by
K = 6β 2+
1
B4
[
4
(rX3B˙2+X ′)2
r2X6
+2
(−1+X2+ r2X2B˙2)2
r2X4
]
. (2.19)
One can easily note that both these scalars blow up to infinity at t = ts where B⇒ 0. Thus
this is indeed a curvature singularity. In the present case, at the singularity t = t0, gθθ = 0. This
ensures that the singularity is a shell focusing singularity and not a shell crossing singularity
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[17, 18, 231].
Existence of a singularity in a spacetime can be proved by considering gravitational focusing
caused by the spacetime curvature in congruences of timelike and null geodesics. This turns
out to be the main cause of the existence of singularity in the form of non-spacelike incomplete
geodesics in spacetime. The issue of physical nature of a spacetime singularity is very important.
There are many types of singular behaviors possible for a spacetime and some of these could
be regarded as mathematical pathologies in the spacetime rather than having any physical
significance. This will be especially so if the spacetime curvature and similar other physical
quantities remain finite along an incomplete nonspacelike geodesic in the limit of approaching
the singularity. For instance, while studying the properties of space-time in the vicinity of
the Schwarzschild black-hole singularity, Lukash and Strokov [232] came to the notion of an
integrable singularity that is, in a sense, weaker than the conventional singularity and allows the
(effective) matter to pass to a white-hole region. A singularity will only be physically important
when there is a powerful enough curvature growth along singular geodesics, and the physical
interpretation and implications of the same are to be considered.
In this chapter, the curvature singularity encountered is indeed a physically significant non-
integrable singularity, indicating an occurrence of nonspacelike geodesic incompleteness.
An interesting point to be noted here is that F(R) also turns out to be separable as functions of
r and t. The Ricci scalar for the metric (2.5) can be calculated as R =−12β − 2B2
(
3λ2 +
2X ′
rX3 +
1
r2 − 1r2X2
)
, and can be written in a simplified form as
R = R0+ψ(r)χ(t), (2.20)
where R0 is a constant. Therefore, the requirement of separability of F(R) =
d f (R)
dR may be
difficult to impose for any general functional form of f (R) without any restrictions or special
cases. For instance, for f (R) = R+αR2, one has to choose the parameter α and the constant
R0 such that (1+2αR0) = 0. In that sense, this model works along with certain restrictions.
2.2 Matching of the collapsing sphere with an exterior vac-
uum spacetime
The parameters λ , β and t0 can be estimated from suitable matching of the interior collapsing
fluid with a vacuum exterior geometry. Generally, in general relativistic collapsing models, the
interior is matched with a vacuum Schwarzschild exterior, which implies continuity of both the
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metric and the extrinsic curvature on the boundary ([142, 143]). However, in f (R) theories of
gravity, continuity of the Ricci scalar across the boundary surface and continuity of its normal
derivative are also required ([150–153]), as already discussed in section 1.2.6.
Developing a new covariant formalism to treat spherically symmetric spacetimes in metric
f (R) theories of gravity the general equations for a static and spherically symmetric metric
in a general f (R) gravity was derived by Nzioki, Carloni, Goswami and Dunsby [114]; these
equations were used to show that validity of the Schwarzschild metric as the only vacuum
solution is conditional in f (R) theories. Nzioki, Goswami and Dunsby proved a Jebsen-
Birkhoff-like theorem for f (R) theories of gravity and found the necessary conditions required
for the existence of the Schwarzschild solution in these theories [233]; so that it can act as the
stable limit of certain f (R) models [114, 233]. In connection with the Schwarzchild limit in
f (R) gravity we also refer to the recent work by Ganguly et al[145]. As the non-Schwarzschild
counterparts are obtained mainly for 1R theories which will hardly fall into the scheme of a
separable d fdR models, we can match our solutions to an exterior Schwarzschild solution.
Matching of the first and second fundamenal form across the boundary hypersurface Σ yields:
m(t,r)Σ = M, (2.21)
X(r)Σ =
1(
1+λ r24
)1/2 (2.22)
where m(t,r) is the Misner-Sharp mass as defined in the reference ([230]) and M is the
Schwarzschild mass. The problem of matching Ricci Scalar and its’ normal derivative was
studied in detail by Deruelle, Sasaki and Sendouda ([151]). They generalized the Israel junction
conditions ([143]) for this class of theories by direct integration of the field equations. It was
utilised by Clifton et. al. ([153]) and Goswami et. al. ([146]) quite recently. Following
these investigations, we match the Ricci scalar and its spatial derivative across the boundary
hypersurface.
For a spherical geometry where the time-evolution is governed by (2.12), a smooth boundary
matching of the Ricci scalar requires that the scalar can be taken in a general functional form
R = T (t)+
f1(r)
f2(t)
. (2.23)
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Here T (t), f1(r) and f2(t) are defined in terms of t, r and parameters such as λ , β etc. Therefore,
at the boundary r = rΣ, by an inspection of the continuity of R′, one can write
2X ′
rX3
+
1
r2
− 1
r2X2
=ΣΛ1, (2.24)
where Λ1 is a constant which can be estimated in terms of the parameter λ .
2.3 Visibility of the central singularity
Whether or not the central shell-focussing singularity is visible, depends on the formation of an
Apparent Horizon, which is the surface surrounding a black hole on which outgoing light rays
are just trapped, and cannot expand outward. The apparent horizon thus satisfies a stronger
condition than that of the event horizon, and the apparent horizon always lies inside the event
horizon, or coincides with it [11, 22, 42]. The condition for the formation of such a surface is
given by
gµνY,µY,ν= 0, (2.25)
where Y is the proper radius of the two-sphere. So Y = rB(t) in the present case. Thus the
relevant equation reads as
r2B˙2− 1
X2
= 0. (2.26)
Taking advantage of the fact that B and X are functions of single variables, namely t and r
respectively, one can write,
B˙2 =
1
r2X2
= δ 2, (2.27)
where δ is a constant.
Using equations (2.11) and (2.27), one can find, by some simple algebra, the time (tap) of
formation of the apparent horizon as
tap = t0− 1√
β
ln
(√
δ 2
β
±
√√√√δ 2− λ2
β
)
. (2.28)
This immediately yields the condition for the formation of the apparent horizon as δ 2 ≥ λ2 .
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From equation (2.12), the time (ts) of formation of singularity (B = 0) is given by
ts = t0− 1
2
√
β
ln(
λ
2β
). (2.29)
Depending on λ and δ , the visibilty of the central singularity is determined. From the last
two equations, one has
ts− tap = 1√
β
ln
[
(δ±
√
δ 2− λ2 )√
λ
]
. (2.30)
As the singularity is independent of r, this scenario is essentially a non-central one and
appears at all points simultaneously. It was discussed by Goswami and Joshi[234], Joshi,
Goswami and Dadhich[39] that in such a case, there is no possibility of a naked singularity.
2.4 Discussion
With a simple metric where the metric components are separable as products of functions of
time and the radial coordinate, a spherically symmetric gravitational collapse in a framework
of a general f (R) theory is discussed in this chapter. F = d fdR also happens to be a separable
function of r and t coordinates which defines certain conditional domain of validity for this
theory. It is shown that the collapse necessarily leads to a singularity of zero proper volume,
and the physical quantities like density, pressure and the scalar curvature etc. diverge to infinity.
The question of the formation of apparent horizon depends on the relative values of λ and
δ , both of which are separation constants. These constants may be fixed either by matching
the collapsing solution to the exterior metric or by initial conditions. In f (R) gravity, a stable
Schwarzschild analogue is not guaranteed, however, there are examples of such an analogue
for quite general classes of f (R) theories [114, 145, 233]. Assuming the existence of a stable
Schwarzchild solution for the exterior, matching at the boundary is discussed.
It deserves mention that one can find the condition for a vacuum collapse by simply setting
p = ρ = 0. This puts a condition on the arbitrary function of r
k1 =
r
X(r)
e
∫
( 1r− λ r2 )X(r)2dr, (2.31)
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which is a result of the simplication of the expressions for the density and pressure in equations
(2.14, 2.15).
The conclusion that the the density and pressure remains inhomogeneous, strongly supports
the result obtained by Goswami et al, which is the only extensive work in f (R) collapse [146].
The advantage of the model presented in this chapter is that this is a simple solution, and thus
can be useful for any further study. In particular, these simple models can potentially serve a
secondary purpose. There is no significant knowledge regarding the possible clustering of dark
energy, it is more or less granted that it does not cluster at any scale smaller than the Hubble
scale. The investigation regarding collapse may also indicate the possibilities in this connection
in a modified theory of gravity.
Chapter 3
Gravitational collapse in f(R) gravity for a
spherically symmetric spacetime
admitting a homothetic Killing vector*
The motivation of this chapter is to look at a collapsing scenario in f (R) gravity in a spherically
symmetric spacetime. Although various aspects of f (R) gravity theories have been studied
quite extensively, interest in collapsing models in such theories came into being quite recently.
In the second chapter, a collapsing model was discussed for a general f (R) model (without
choosing any particular form) where a condition of separability of the metric tensor was
assumed at the outset so as to deal with the non-linearity of the equation system. In this chapter
the discussion starts assuming a general form of f (R), but eventually attempts to look for
solutions for f (R)∼ Rn, for as general a value of n as possible. Relevance of such f (R) models
has been discussed in brief in section 1.2.5. The equation system is treated after imposing the
existence of a homothetic Killing vector at the outset. The existence of a homothetic Killing
vector results in a simplification of the metric tensor. This perhaps restricts the geometry, but
keeps alive the dependence on the radial coordinate r which is indeed crucial in keeping the
option open for a formation of horizon, in case an ultimate curvature singularity develops as a
result of the collapse.
*The results of this chapter are reported in Eur. Phys. J. Plus (2016) 131: 144
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3.1 Conformal symmetry in general relativity
Symmetry analysis provides a very useful tool in providing new exact solutions to the field
equations. Amongst a large number of treatise on spacetime symmetries, we refer to only a
few, namely the reviews of Choquet-Bruhat et. al. [235], Stephani et. al. [236] and Hall [237].
Conformal Symmetries have the geometric property of preserving the structure of the null
cone by mapping null geodesics to null geodesics. With a conformal symmetry the angle
between two curves remains the same and only the distance between two points are scaled by a
factor depending on the spacetime points. There are extensive studies of conformal symmetries
in general relativity from various perspectives, for example, conformal geometry has been
studied in a Robertson-Walker spacetime by Maartens and Maharaj [238] and Keane and Barrett
[239]. A detailed analysis of conformal vectors has been undertaken by Maartens and Maharaj
[240] and Keane and Tupper [241] in pp-wave spacetimes. Tupper et. al. [242] considered
the existence of conformal vectors in null spacetimes. General conformal equations in plane
symmetric static spacetimes were studied by Saifullah and Yazdan [243]. The full conformal
structure of a spherically symmetric static spacetime was found by Maartens, Maharaj and
Tupper [244]. The conformal geometry of nonstatic spherically symmetric spacetimes was
analysed by Moopanar and Maharaj [245] without specifying any form of the matter content.
Chrobok and Borzeszkowski [246] modelled irreversible thermodynamic processes close to
equilibrium and Bohmer et al [247] modelled wormhole structures with exotic matter. Mak and
Harko [248] studied charged strange stars with a quark equation of state, Esculpi and Aloma
[249] generated anisotropic relativistic charged fluid spheres with a linear barotropic equation
of state and Herrera, Di Prisco, Ibanez [250] studied reversible dissipative processes and Landau
damping in stellar systems. Shear-free relativistic fluids which are expanding and accelerating
are important for describing gravitational processes in inhomogeneous cosmological models
(for a overview we refer to the monograph by Krasinski [251]) and radiating stellar spheres
as discussed by Herrera and Santos [252]. For a general form of matter content, the complete
conformal geometry of shear-free spacetimes in spherical symmetry was studied by Moopanar
and Maharaj [253].
A vector field X is called a Killing vector field if it satisfies the Killing equation given as:
LX gab = gab,cXc+gcbXc,a+gacXc,b = 0, (3.1)
where L is the Lie derivative operator along the vector field X . The existence of a Killing vector
signifies a symmetry and hence a conserved quantity. For example, if a timelike Killing vector
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exists for a particular metric, the energy is conserved.
If the right hand side of equation (3.1) is not zero but proportinal to gab,
Lxgab = 2Φgab, (3.2)
X is called conformal Killing vector. Here Φ is a function, called the conformal factor. The
space time admits a conformal symmetry if the equation (3.2) admits a solution for X .
3.1.1 Homothetic Killing Vector
For a Homothetic Killing vector (HKV), Φ must be a constant and is thus a special case of a
conformal killing vector. Such vectors scale distances by the same constant factor and also
preserve the null geodesic affine parameters.
A Self-Similar Spacetime is characterized by the existence of a Homothetic Killing vector.
Spherically symmetric self-similar solutions of the Einstein field equations for a perfect fluid
was studied in extensive details by Cahill and Taub [254]. Any spherically symmetric spacetime
is self-similar if it admits a radial area coordinate r and an orthogonal time coordinate τ such
that for the metric components gττ and grr, the following relations hold
gττ (κτ,κr) = gττ (τ,r) , (3.3)
grr (κτ,κr) = grr (τ,r) , (3.4)
for all constants κ > 0. For a self-similar spacetime, the Einstein field equations, a set of partial
differential equations, reduce to ordinary differential equations with the metric components
being functions of a single arguement z = τr .
Importance of self-similar spacetimes in cosmological context has been discussed extensively in
the literature (we refer to the work of Cahill and Taub [254] and the monograph by Joshi [22]).
While self-similarity is a strong restriction of geometry, it has been successfully exploited in
various physical scenarios (for a recent survey on the importance of self-similarity in General
Relativity we refer to the summary by Carr and Coley [255]). In the next sub-section it is
discussed that the existence of a homothetic Killing vector field for a spherically symmetric
spacetime automatically implies the separability of the spacetime metric coefficients in terms
of the co-moving coordinates and that the metric can be written in a simplified unique form
(following the work of Wagh and Govinder [256]).
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3.1.2 Spherically Symmetric, Self-Similar Spacetimes
We assume that a spherically symmetric spacetime admits a Homothetic Killing vector of the
form
Xa = (0, f (r, t),0,0). (3.5)
Typically, a homothetic Killing vector is written in the form
Xa = (T,R,0,0). (3.6)
However, any vector of the form (3.5) can be transformed into the form (3.6) via a coordinate
transformation
R = l(t)exp
(∫
f−1dr
)
T = k(t)exp
(∫
f−1dr
)
, (3.7)
without loosing any generality.
If a general spherically symmetric line element given by
ds2 = e2ν(t,r)dt2− e2λ (t,r)dr2−Y 2(t,r)(dθ 2+ sin2θdφ2) (3.8)
admits a Homothetic Killing vector of the form (3.5), the expression (3.2) reduces to the system
of four equations given by
f (r, t)
∂ν
∂ r
= Φ (3.9)
∂ f (r, t)
∂ t
= 0 (3.10)(
1
Y
∂Y
∂ r
− ∂ν
∂ r
)
f (r, t) = 0 (3.11)(
∂λ
∂ r
− ∂ν
∂ r
)
f (r, t)+
∂ f (r, t)
∂ r
= 0, (3.12)
where Φ is a constant.
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Solving the above system of equations, one can obtain
f = F(r), (3.13)
Y = g(t)exp
(∫ Φ
F(r)
dr
)
, (3.14)
λ =
∫ Φ
F(r)
dr− logF(r)+h(t), (3.15)
ν =
∫ Φ
F(r)
dr+ k(t), (3.16)
so that the spacetime metric becomes separable and is given by
ds2 = k2(t)exp
(
2
∫ Φ
F(r)
dr
)[
dt2− h
2(t)
F2(r)
dr2+g2(t)
(
dθ 2+ sin2θdφ2
)]
. (3.17)
The explicit forms of the metric coefficients depend on the Einstein Field Equations for the
choice of specific energy-momentum tensor for the matter in the spacetime. This metric can be
written as (Wagh et. al.[257])
ds2 = y2(r)A2(t)dt2− γ2B2(t)
(
dy
dr
)2
dr2+ y2(r)R2(t)
[
dθ 2+ sin2θdφ2
]
, (3.18)
where y(r) is an arbitrary function of r and y′(r) = dy(r)dr . One can easily check that the metric
of the form (3.18) admits a Homothetic Killing vector given by
X =
y
Φy′
∂
∂ r
. (3.19)
One important point to note here is that the general metric admitting (3.6) has metric
coefficients which are functions of tr . If written in terms of the transformed coordinates R and
T , the metric will not be diagonal. The imposition of diagonality of the metric will require
a relationship between l(t) and k(t). Such a relation can always be imposed as discussed by
Wagh and Govinder [256]. However, the equivalence of the spacetimes only holds if the trans-
formation (3.7) is non-singular. For example, in the case of the Robertson-Walker spacetime,
the transformation is singular as the function F(r) = 0.
The requirement of self-similarity of a spherically symmetric spacetime uniquely fixes the
metric to the form (3.18). The spacetime (3.18) is radiating and shearing. There are attempts
to describe gravitational collapse under such a configuration, by suitable matching with an
50
Gravitational collapse in f(R) gravity for a spherically symmetric spacetime admitting a
homothetic Killing vector
appropriate exterior spacetime, for instance by Ori and Piran[29], Wagh et. al.[257]. In the
next section, we study the evolution of a gravitational collapse in f (R) gravity for a metric of
the form (3.18).
3.2 Exact Collapsing Solution for f (R) = R(n+1)(n+1)
As in the previous chapter, we work in the standard metric formalism of f (R) gravity where
the action is varied with respect to gµν . The variation of the action with respect to the metric
tensor leads to the following partial differential equations (already discussed in sections 1.2.3
and 2.1.1) as the field equations,
F(R)Rµν − 12 f (R)gµν −∇µ∇νF(R)+gµν□F(R) =−8πGT
m
µν , (3.20)
where F(R) = d fdR . Writing this equation in the form of Einstein tensor, one obtains
Gµν =
κ
F
(T mµν +T
C
µν), (3.21)
where T mµν is the stress energy tensor for the matter distribution defined by Lm and
TCµν =
1
κ
(
f (R)−RF(R)
2
gµν +∇µ∇νF(R)−gµν□F(R)
)
. (3.22)
TCµν represents the contribution of the curvature and may formally be treated as an effective
stress-energy tensor with a purely geometrical origin. The stress-energy tensor for the matter
part is taken to be that of a perfect fluid which is given by T mµν = (ρ+ p)vµvν − pgµν . Here ρ
and p are the density and pressure of the fluid respectively and vµ is the velocity four-vector of
the fluid particles, which, being a timelike vector, can be normalized as vµvµ = 1. This theory
is essentially a nonminimally coupled theory, the curvature related term F(R) couples with the
matter sector T mµν nonminimally.
Following the discussion of the last subsection, the metric is assumed to be in the form
ds2 = y2(r)dt2−2B2(t)
(
dy
dr
)2
dr2− y2(r)B2(t)dΩ2, (3.23)
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The Ricci Scalar for the metric (3.23) can be calculated to be
R =
1
y2(r)
(
1
B2
−6 B˙
2
B2
−6 B¨
B
)
, (3.24)
where an overhead dot and a prime indicate differentiation with respect to time t and the radial
coordinate r respectively. It is interesting to note that the Ricci scalar also turns out to be
separable in functions of t and r for this class of spacetime line elements.
From (3.23) and (3.20), the G01 equation yields
2
B˙
B
y′
y
=
F˙ ′
F
− y
′
y
F˙
F
− B˙
B
F ′
F
. (3.25)
From equation (3.24), the derivative of the Ricci Scalar with respect to r can be written in
the form
R′ =−2y
′
y
R. (3.26)
Equations (3.25) and (3.26) can be combined to yield
2
B˙
B
=
[
2Rd
2F
dR2 +3
dF
dR
2RdFdR −F
]
R˙ = Λ(R)R˙, (3.27)
where Λ(R) depends solely on the choice of f (R).
In what follows, a particular form of f (R), namely, f (R) = R
(n+1)
(n+1) (n ̸=−1) is chosen, so
that F(R) = Rn. With this choice, equation (3.27) simplifies to the form
B˙
B
=
n(2n+1)
2(2n−1)
R˙
R
= m
R˙
R
, (3.28)
where m = n(2n+1)2(2n−1) . Hence, it is straightforward to write
B = δ (r)Rm, (3.29)
where δ (r) is an arbitray function of r arising out of the integration over time.
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From the metric (3.23) and the field equations (3.20) one can write the condition for isotropy
of the fluid pressure as
2
B¨
y2B
= 2
B˙F˙
y2BF
+
3F ′
2yy′B2F
− F
′′
2B2y′2F
− F
′
2B2y′2F
(
2
y′
y
− y
′′
y′
)
. (3.30)
Using equation (3.26) and (3.29) in (3.30), one can derive a non-linear second order
differential equation for the scale factor B(t) as
2B¨B−4(2n−1)
(2n+1)
B˙2+2n(n+1) = 0, (3.31)
where α = 4 (2n−1)(2n+1) . This equation can be readily integrated to yield a first integral as
B˙2 = λBα +
2n(n+1)
α
, (3.32)
where λ is a constant of integration and sensitive to initial collapsing profile. The general
solution of (3.32) can be written in terms of Gauss’ Hypergeometric Function,
B√
2n(n+1)
αλ
2F1
[
1
2
,
1
α
;
(
1+
1
α
)
;− αλB
α
2n(n+1)
]
=
√
λ (t0− t). (3.33)
For a real solution
(
1+ 1α
)
> 0, which obviously imposes some restriction over the possible
choices of n, i.e. the choice of the form of f (R). One can note that for n = 0, one goes back to
Einstein gravity, for n = 12 , equation (3.28) is not valid and for n =−12 , B is constant so there
is no evolution at all. To have a real time-evolution one must impose that n /∈ [−1,−12 ]∪ [0,1).
3.3 Analysis of the solution; study of the formation of an
Apparent Horizon
Generally, it is not easy to invert (3.33) to write B(t) explicitly as a function of t. So in what
follows we try to look at the collapsing modes with the help of plots of t vs B(t) for different
initial conditions, using the expression (3.33). Figures 3.1 shows the behaviour of the collapse
for λ > 0, for n =−2 and n =−3. For both n =−2 and n =−3 the scale factor B and hence
the volume decreases with time, but the rate of collapse slows down, eventually, with the sphere
asymptotically settling down to a minimum non-zero volume.
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Fig. 3.1 Time evolution for λ > 0 for f (R) =− 1R and f (R) =− 12R2 .
However, for λ < 0, the radius of the two sphere goes to zero quite rapidly and reaches zero
at a finite future for n = −2 and n = −3 as shown by figure 3.2. The figures also show that
the nature of collapse hardly depends on the particular choice of n, only the time of reaching
the singularity changes. For other negative values of n allowed by the model, plots of exactly
similar nature can be obtained.
For −12 < n < 0, the collapsing scenario as given in Figure 3.3 is quite different. For a
positive λ , the sphere contracts at a steady manner to begin with, but at a particular time the
radius suddenly hurries towards zero. For λ < 0, the sphere collapses steadily to a certain
volume, and apears to equilibriate itself at a finite volume.
Figures 3.4 and 3.5 depict the scenario for positive values of n in the allowed domain. The
models show unhindered collapse, the radius goes to zero at a finite future. We have chosen
two values of n as examples, n = 2 (Figure 3.4) and n = 1 (Figure 3.5). Both cases show that
for a positive λ , the process of collapse slows down towards the end, whereas for a negative λ
the radius shrinks zero rather rapidly. For any other positive values of n, it is easy to check that
the scenario is exactly similar qualitatively.
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Fig. 3.2 Time evolution for λ < 0 for f (R) =− 1R and f (R) =− 12R2 .
It deserves mention, however, that these plots are not numerical plots, but rather plotted
using the analytical expression (3.33).
The condition for the formation of an Apparent Horizon is given by
gµνR,µ R,ν= 0, (3.34)
where R(r, t) is the proper radius of the two-sphere given by y(r)B(t) in this case. For the
metric in the present case, this yields a simple result as
B˙2 =
1
2
. (3.35)
With the help of the equation (3.32), this condition yields the value of B corresponding to
the apparent horizon in terms of n as
Bap =
[
− 1
4λ
(
(2n3+3n2−n+1)
(2n−1)
)] (2n+1))
4(2n−1)
. (3.36)
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Fig. 3.3 Time evolution for different signatures of initial condition (λ ) and f (R) = 3R
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Amongst the examples worked out in this section, the value of Bap from equation (3.35)
comes out to be (− 54λ )
3
4 and (− 94λ )
5
12 for the last two cases respectively. Figures 3.4 and
3.5 indicates that only for a negative λ one has a finite time curvature singularity. So the
singularities are well covered by a horizon. For a positive λ , there is no respectable horizon,
but there is no requirement of that either as the volume goes to zero only asymptotically. In a
similar way, in all the three other examples, one has a horizon when it is relevant. In the present
model, as it happens, the singularity is independent of r, and thus is not a central singularity.
This kind of singularity is expected to stay hidden by a horizon [38, 39, 234]. So the existence
of the apparent horizon in all the relevant cases is quite a consistent result.
3.4 Nature of the singularity
From the metric (3.23), one can calculate the Kretschmann Curvature Scalar as
K = RabcdRabcd =
1
y4
[
3
B4
−4 B˙
2
B4
+12
B˙4
B4
−8 B¨
B3
+12
B¨2
B2
]
. (3.37)
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Though an explicit expression of B(t) as a function of time could not be written, one can assess
the nature of the Kretschmann Scalar from the first integral (3.32).
K =
1
y4
[
3α2−8nα(n+1)+48n2(n+1)2
α2B4
+
48nλ (n+1)−4α2λ −4αλ
B4−α
+
3λ 2α2+12λ 2
B4−2α
]
. (3.38)
It is clearly seen that for B→ 0, at least the first term in the expression for K will always
blow up, indicating that the singularity that one obtains is indeed a Curvature Singularity
in nature. The second and third terms within the parenthesis are proportional to B(α−4) and
B(2α−4) respectively and may or may not diverge at zero proper volume, for all choices of f (R),
depending on the values of n and α . For example, for n = 1, i.e. for f (R)∼ R2, α = 43 , and
all the terms diverge when B(t)→ 0. However n =−32 , i.e., for f (R)∼ R−
1
2 , α = 8, and the
second term and the third term are proportional to B4 and B12 respectively. Naturally, these
terms go to zero as the zero proper volume singularity is approached. However, the first term,
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Fig. 3.5 Time evolution for different signatures of initial condition (λ ) and f (R) = R
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being always proportional to B−4, diverges for all choices of n or α .
From the field equations (3.20) and (3.21), one can write the evolution of density and pressure
respectively as
ρ =
1
κ
[
1
y(r)2
(
3+
n
m
)(
λBα +
2n(n+1)
α
)
B
n
m−2
δ (r)
n
m
+
1
2
n
(n+1)
(
B
δ (r)
) n+1
m
+
n(2n−1)
y(r)2
B
n
m−2
δ (r)
n
m
]
, (3.39)
and,
p =
1
κ
[
1
y(r)2
(
n
m
+
n2
m2
−1
)(
λBα +
2n(n+1)
α
)
B
n
m−2
δ (r)
n
m
+
n(2n−1)+ 12
y(r)2
B
n
m−2
δ (r)
n
m
−1
2
n
(n+1)
(
B
δ (r)
) n+1
m
− nαλ
my(r)2
Bα+
n
m−2
δ (r)
n
m
]
, (3.40)
where, m = n(2n+1)2(2n−1) and α = 4
(2n−1)
(2n+1) . As these physical quantities are all functions of r,
it must be concluded that the collapsing fluid distribution is not spatially homogeneous. The
collapse is thus different from the Oppenheimer-Snyder collapse in general relativity[10].
For both ρ and p, the powers involved for B(t) are ( nm −2), (α+ nm −2) and (n+1m ). For
all n > −12 , at least one of them is negative making both pressure and density proportional
to inverse powers of B(t) in these cases, and they do diverge when a zero proper volume is
reached. In the examples discussed, for n = 1 and n = 2, nm −2 is negative, and for n =−0.33,
two of them, ( nm −2) and (α+ nm −2) are negative. This is indeed the expected behaviour of
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density at a singularity.
However, for n <−12 , all these powers are positive, which leads to the peculiar result that
the density and pressure both vanish at B(t) = 0, i.e., at the singularity of zero proper volume.
This is an intriguing result. If the matter sector has a conservation for itself, it really cannot
happen. But since f (R) theories are nonminimally coupled theories, this indicates that there
must be an exchange of energy between the matter and the curvature sector, and the latter drains
the energy from the former during collapse, and diverges at the singularity. This is evident
from the expression for the Kretschmann scalar in equation (3.38), which diverges anyway
regardless of the choice of n.
3.5 Matching of the collapsing fluid with a Schwarzschild
exterior
The arbitrary function δ (r) in (3.29) can be estimated from a suitable matching of the solutions
for the collapsing fluid with that of a vacuum exterior solution at the boundary. Generally,
in collapsing models, the interior is matched at a boundary hypersurface with a vacuum
Schwarzschild exterior, which requires the continuity of both the metric and the extrinsic
curvature on the boundary hypersurface ([142, 143]). However, in f (R) theories of gravity,
continuity of the Ricci scalar across the boundary surface and continuity of its normal derivative
are also required, ([145, 146, 150–153]) as discussed in section 2.2. The rationale behind
matching with a Schwarzchild solution was discussed and utilised by Goswami et. al. [146].
Schwarzchild solution can be written as
ds2 = (1− 2M
r
)dt2− (1− 2M
r
)−1dr2− r2(dθ 2+ sin2θdφ2), (3.41)
where M is the total mass contained by the interior. For an interior metric given by
ds2 = A2(t,r)dt2−N2(t,r)dr2−C2(t,r)(dθ 2+ sin2θdφ2), (3.42)
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the matching with the metric (3.41) yields (using the matching of the second fundamental form
or the extrinsic curvature)
2
[(
C˙′
C
− C˙A
′
CA
− N˙C
′
NC
)]
Σ
=−N
A
[
2C¨
C
−
(
2A˙
A
− C˙
C
)
C˙
C
]
+
A
N
[(
2A′
A
+
C′
C
)
C′
C
−
(
N
C
)2]
, (3.43)
where Σ is the boundary.
If A,N,C of the metric (3.42) are replaced by the solutions obtained in this chapter given
by (3.32), one obtains [
B¨
B
+
B˙2
B2
− 1
2B2
−
√
2B˙
B2
]
Σ
= 0. (3.44)
The arbitrary constant λ from (3.32) can be estimated from this matching condition with the
help of an explicit form of B(t) as function of t. The Misner and Sharp mass function[230],
defined as
m(t,r) =
C
2
(1+gµνC,µC,ν) =
C
2
(
1+
C˙2
A2
−C
′2
N2
)
, (3.45)
yields the mass contained by the surface defined by the radial coordinate r in the present case
as
m(t,r) =
yB
2
(
1
2
+ B˙2). (3.46)
The Scwarzschild mass M, i.e., the total mass contaiined by the collapsing fluid is given by the
right hand side of equation (3.46) calculated at the boundary.
The continuity requirements found from the matching of Ricci Scalar and its normal
derivative yield
RΣ = R′Σ = 0. (3.47)
From the G01 equation we already have
B = δ (r)Rm. (3.48)
Since the Ricci scalar is separable, following the arguements of Goswami et. al.[146] and
Clifton et. al.[153] one can see that it should rather be of the form
R = (r2Σ− r2)2g(r)T (t), (3.49)
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where g(r) is a well-defined function of radial cordinate r and T (t) describes the time evolution
of the scalar. The relevance of chosing this type of functional form for a spherical star in f (R)
gravity was elaborated by Goswami et. al. [146]. From (3.48) and (3.49), one can write
δ (r) =
(
r2Σ− r2
) n(2n+1)
(1−2n)
g(r)
n(2n+1)
2(1−2n) , (3.50)
which describes the radial profile of the spherical collapsing body.
3.6 Discussion
A spherical collapse in f (R) gravity for a particular form of f (R) is investigated analytically
in this chapter. With the assumption of the existence of a homothetic Killing vector, exact
solutions for the collapsing models are obtained for f (R)∼ Rn. The solutions are not readily
invertible in the form of the proper radius as a function of time. So the approach to the
singularity of a zero proper volume is investigated with the help of numerical plots of time
against proper radius. Some of the collapsing modes indeed succumb to a curvature singularity
at a finite future. In some cases, where f (R) varies as positive powers of R, the singularity
is reached only asymptotically. Singularities forming at a finite future are always covered
by an apparent horizon. The investigations presented in the chapter, though a simple one,
predicts different possibilities while a collapsing evolution in f (R) gravity is concerned; this
posibilities, certainly depends on the initial conditions, determined by λ and the choice of
f (R). For example, when f (R) varies as negative powers of R, the collapsing object might
equilibriate at a constant proper radius and never hit the singularity.
The discussion in this chapter is only for f (R)∼ Rn. Recently it was shown by Goheer, Larena
and Dunsby[258] that within the class of f (R) gravity theories, FLRW power-law perfect fluid
solutions only exist for Rn gravity. However, this configuration may also serve as a platform to
study exact or approximate solutions for different choices of f (R). The equation (3.27) can be
written elaborately for different Λ(R) which solely depends on the choice of f (R). One such
example can perhaps be f (R) = R+αRn which has its own importance in describing the late
time accelerated expansion of the universe.
Due to the nonlinearity of the field equations, an exact solution in f (R) gravity is not always
guarranteed. Both chapter 2 and 3 demonstrates collapsing solutions in f (R) gravity, however,
the main difference in this chapter being the assumption of the existence of a homothetic killing
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vector. It results in certain simplifications, but one has to restrict oneself to a particular form of
f (R) to investigate the field equations.

Chapter 4
Scalar field collapse in a conformally flat
spacetime*
Scalar fields, albeit having no pressing motivation from particle physics theory more often
than not, have been of great interest in theories of gravity for various reasons such as fitting in
superbly for cosmological requirements such as in the role of the driver of the past or even the
present acceleration of the universe. Moreover, as already discussed in section 1.3, a scalar
field with a variety of potential can serve as an excellent fit to study evolution of self-gravitating
evolution of many a kind of realistic matter distribution [178, 188].
The subject of zero mass scalar field collapse has been addressed rigorously over the years
and the possibility of different end-products in terms of a black-hole or a naked singularity has
been discussed in detail. Christodoulou established the global existence and uniqueness of the
solutions of Einstein-scalar field equations [189, 190]. A sufficient condition for the formation
of a trapped surface in the evolution of a given initial data set was also studied by the same
author [191]. Goldwirth and Piran showed that a scalar field collapse leads to a singularity
which is cut-off from the exterior observer by an event horizon [192], therefore ending up in
a black-hole. Throughout the last couple of decades, numerical investigations have provided
useful insights into black hole formation in a scalar field collapse. In their pioneering works,
Choptuik [193], Brady [194] and Gundlach [195, 196] considered the numerical evolution of
collapsing profiles characterised by a single parameter (p) and showed that the behaviour of
the resulting families of solutions depends on the value of p; there is a critical evolution with
p = p∗, which signals the transition between complete dispersal and black hole formation.
*The results of this chapter are reported in The European Physical Journal C, (2017), 77 : 166.
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Gravitational collapse with a scalar field minimally coupled to gravity have been studied
extensively in literature, but usually consisting of massless scalar fields. There is only very
limited amount of work on massive scalar field collapse and that too in very restricted scenarios.
For example, Giambo showed that depending on suitable boundary matching with an exterior
solution, a collapsing scalar field may give rise to a naked singularity [213]. A spherically
symmetric collapse of a real, minimally coupled, massive scalar field in an asymptotically
Einstein–de Sitter spacetime was studied by Goncalves [214]. Goswami and Joshi constructed
a class of collapsing scalar field models with a non-zero potential, which resulted in a naked
singularity as the collapse end state [215, 216]. It was shown by Ganguly and Banerjee [217],
that a scalar field, minimally coupled to gravity, may have collapsing modes even when the
energy condition is violated, and discussed the significance of the result in the context of possi-
ble clustering of dark energy. Quite recently Baier, Nishimura and Stricker [218] proved that a
scalar field collapse, along with a negative cosmological constant, can lead to the formation of
a naked singularity. It must be noted that non-spherical models of scalar field collapse are there
in literature as well (for example self-similar scalar field solutions to the Einstein equations in
cylinder symmetry by Condron and Nolan [219, 220], scalar field collapse with planar as well
as toroidal, cylindrical and pseudoplanar symmetries by Ganguly and Banerjee [221]).
The aim of this chapter is to discuss the collapse of a self-interacting scalar field along with a
distribution of perfect fluid. In section 1.3.2, significance of such a massive scalar field collapse
has been reviewed in brief with proper references.
The self-interaction potential of the scalar field is taken to be a power law (V ∼ φn) where n
can take a wide range of values. The assumption of conformal flatness is made at the outset.
Conformally flat gravitational collapse of a fluid with heat flux has been investigated in the
context of general relativity, for instance, a recent work of Sharma, Das and Tikekar [259]. The
present work, in a way, is therefore a scalar field generalization of their work.
The nonlinear field equations are studied in this chapter by invoking the integrability
conditions for a classical anharmonic oscillator equation, developed by Euler [260, 261] and
utilized by Harko, Lobo and Mak [262]. This leads to an integrable second order equation for
the scale factor. Thus some general comments, regarding the possibility and nature of a wide
range of power law potentials can be made.
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4.1 Conformally flat metric and a scalar field collapse
A conformally flat space-time is considered to discuss a relativistic model of a spherically
symmetric matter source, whose collapse is accompanied with dissipation in the form of radial
heat flux following the work of Santos [263]. The spacetime metric is chosen so as to have
a vanishing Weyl tensor implying its conformal flatness. Conformally flat spacetimes, in the
context of radiating fluid spheres, were first studied by Som and Santos [264]. Later, the most
general class of conformally flat solutions for a shear-free radiating star were obtained and
examined by Maiti [265], Modak [266], Banerjee, Dutta Chowdhury and Bhui [267], Patel
and Tikekar [268], Schafer and Goenner [269], Ivanov [270]. Herrera et. al. [271] examined
models of shear-free collapsing fluids accompanied by a dissipation of heat on a space-time
background admitting a vanishing Weyl tensor.
The metric can be written as
ds2 =
1
A(r, t)2
[
dt2− dr
2
1− kr2 − r
2dΩ2
]
, (4.1)
for which the Weyl tensor components vanish. Here, k is a constant which can pick up values
from −1,0,+1. The energy momentum tensor is taken to be that of a perfect fluid given by
T µν = (ρ+ p)uµuν − pδ µν , (4.2)
where ρ is the energy density, p is the isotropic fluid pressure, uµ is the 4-velocity of the fluid.
The scalar field contribution is defined as a scalar field φ minimally coupled to gravity and the
relevant action is given by
A =
∫ √−gd4x[R+ 1
2
∂ µφ∂µφ −V (φ)+Lm], (4.3)
where V (φ) is the scalar potential and Lm is the Lagrangian density for the fluid distribution.
From this action, the contribution to the energy-momentum tensor from the scalar field φ can
be written as
T φµν = ∂µφ∂νφ −gµν
[
1
2
gαβ∂αφ∂βφ −V (φ)
]
. (4.4)
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Einstein field equations Gµν =−8πGTµν (in the units 8πG = 1) can thus be written as
3kA2+3A˙2−3(1− kr2)A′2+2(1− kr2)AA′′+ 2(2−3kr
2)
r
AA′
= ρ+
1
2
A2φ˙2− 1
2
A2(1− kr2)φ ′2+V (φ), (4.5)
−kA2+2A¨A−3A˙2+3(1− kr2)A′2− 4
r
(1− kr2)AA′
= p+
1
2
φ ′2A2(1− kr2)+ 1
2
A2φ˙2−V (φ), (4.6)
−kA2+2A¨A−3A˙2+3(1− kr2)A′2− 2
r
(1−2kr2)AA′−2(1− kr2)AA′′
= p− 1
2
φ ′2A2(1− kr2)+ 1
2
A2φ˙2−V (φ), (4.7)
2A˙′
A
= φ˙φ ′. (4.8)
The wave equation for the scalar field is given by
□φ + dV
dφ
= 0. (4.9)
For the sake of simpliciy, φ(r, t) is assumed to be a function of time t alone. Consequently,
from equation (4.8), one can see that A(r, t) can also be written as a function of time alone, and
this is consistent with the rest of the equations of the system. With this, equations (4.6)and
(4.7) become identical. So effectively an Oppenheimer-Snyder type collapse scenario [10] in
the presence of a minimally coupled scalar field is considered here.
With the assumptions A = A(t) and φ = φ(t), the field equations simplify as
3kA2+3A˙2 = ρ+
1
2
A2φ˙2+V (φ), (4.10)
−kA2+2A¨A−3A˙2 = p+ 1
2
A2φ˙2−V (φ), (4.11)
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and the wave equation looks like
φ¨ −2 A˙
A
φ˙ +
1
A2
dV
dφ
= 0. (4.12)
Now we have three equations (4.10 - 4.12) to solve for four unknowns, namely A(t),φ(t),ρ
and p. V (φ) of course is given as a function of φ . One can close the system by a choice of an
equation of state p = p(ρ). We shall, however, would not try to close the system, but adopt a
different strategy to check for the collapsing modes.
4.2 Integrability of anharmonic oscillator equation
A nonlinear anharmonic oscillator with variable coefficients and a power law potential can be
written in a general form as
φ¨ + f1(t)φ˙ + f2(t)φ + f3(t)φn = 0, (4.13)
where fi are functions of t and n ∈Q is a constant. An overhead dot represents a differenti-
ation with respect to t. Using Euler’s theorem on the integrability of the general anharmonic
oscillator equation [260, 261] and recent results given by Harko et al [262], this equation can
be integrated under certain conditions. The essence can be written in the form of the following
theorem [260, 262].
Theorem An equation of the form of equation (4.13) can be transformed into an integrable
form for n /∈ {−3,−1,0,1} if and only if the coefficients of Eq. (4.13) satisfy the differential
condition
1
n+3
1
f3(t)
d2 f3
dt2
− n+4
(n+3)2
[
1
f3(t)
d f3
dt
]2
+
n−1
(n+3)2
[
1
f3(t)
d f3
dt
]
f1 (t)
+
2
n+3
d f1
dt
+
2(n+1)
(n+3)2
f 21 (t) = f2(t). (4.14)
Introducing a pair of new variables Φ and T given by
Φ(T ) = Cφ (t) f
1
n+3
3 (t)e
2
n+3
∫ t f1(x)dx, (4.15)
T (φ , t) = C
1−n
2
∫ t
f
2
n+3
3 (ξ )e
( 1−nn+3)
∫ ξ f1(x)dxdξ , (4.16)
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where C is a constant, equation (4.13) can be written as
d2Φ
dT 2
+Φn (T ) = 0. (4.17)
In what follows, this integrability condition is used accordingly in order to extract informa-
tion from the scalar field equation (4.12) for some given forms of the potential V =V (φ).
4.3 Power-law potential
In the first example we assume that the potential is a power function of φ , V (φ) = V0φ
(n+1)
n+1 such
that
dV
dφ
=V0φn, (4.18)
where n ∈Q. While the potential with a postive power of φ , where d2Vdφ2 evaluated at φ = 0
gives the mass of the field, is quite well addressed, potentials with inverse powers of φ are also
quite useful in cosmological contexts, particularly as tracking quintessence fields. Ratra and
Peebles [272] used a potential of the form V = M
4+α
φα , where M is the Planck mass. Similar
potential had later been used as a tracker field by Steinhardt, Wang and Zlatev [158] where
M loses the significance as the Planck mass and is rather used as a parameter to be fixed by
observations.
4.4 Integrability of the scalar field equation
4.4.1 Solution for the metric
With this power law potential, the scalar field equation (4.12) becomes
φ¨ −2 A˙
A
φ˙ +
V0
A2
φn = 0, (4.19)
which can be written in a more general form of second order ordinary differential equation
with variable coefficients as
φ¨ + f1(t)φ˙ + f3(t)φn = 0, (4.20)
where fi(t) are functions of time, determined by A(t) and its derivatives. Equation (4.20) is
easily identified to be a special case of equation(4.13) with f1(t) =−2 A˙A , f2 = 0 and f3(t) = V0A2 .
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Hence, the integrability condition as in equation (4.14) yields a second order differential
equation of A(t) in the form
− 6
(n+3)
A¨
A
+
18(n+1)
(n+3)2
A˙2
A2
= 0. (4.21)
This can be integrated to find an exact time-evolution of A(t) as
A(t) =
[
2n
√
λ
(n+3)
(t0− t)
]−( n+32n )
, (4.22)
where λ is a constant of integration coming from the first integral and is a positive real number.
It is interesting to note that the conformal factor is independent of the choice of V0.
As the theorem is valid for n /∈ {−3,−1,0,1}, we exclude these in the subsequent discussion.
The radius of a two-sphere for the metric (4.1) is given by rY (t) where
Y (t) =
1
A(t)
=
[
2n
√
λ
(n+3)
(t0− t)
]( n+32n )
. (4.23)
From (4.22) and (4.23), the time evolution of the collapsing fluid can be discussed for
different domains of n, i.e. for different choices of the potential.
• For both n > 0 (excluding n = 1) and for n <−3, (n+32n ) is strictly positive. Let us write
(n+32n ) = n0
2. Then from equation (4.23) one can write the radius of the two-sphere as
rY (t) = r
[√
λ
n02
(t0− t)
]n02
. (4.24)
It is straightforward to note that rY (t) goes to zero when t → t0. Thus, for all n > 0 and
for n <−3, the collapsing sphere reaches a singularity of zero proper volume at a finite
time defined by t0.
• However, for 0 > n >−3 (n ̸=−1), (n+32n ) is negative and it can be written as (n+32n ) =
−m02. For this domain of n, the scale factor Y can be written as
rY (t) = r
[√
λ
m02
(t− t0)
]−m02
. (4.25)
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Clearly, we have a collapsing solution as it is easy to check that ˙Y (t)< 0. However, the
collapsing fluid reaches the zero proper volume only when t → ∞. This indicates the
system is collapsing for ever rather than crushing to singularity at a finite time.
• From (4.24) and (4.25), one can check that dY (t)dt < 0 for all relevant cases, provided√
λ > 0. On the other hand, a negative
√
λ , turns collapsing solutions into expanding
solutions. This is quite consistent with the fact that equation (4.21) is invariant under
t →−t, and therefore another solution can be construced simply by flipping the sign of t
and t0 in equation (4.22).
4.4.2 Solution for the scalar field
Using the transformation equations (4.15) and (4.16), one can write the general solution for the
scalar field φ as,
φ (t) = φ0
[
C
1−n
2
∫ t
f
2
n+3
3 (ξ )e
( 1−nn+3)
∫ ξ f1(x)dxdξ −T0
] 2
1−n
f
− 1n+3
3 (t)e
− 2n+3
∫ t f1(x)dx, (4.26)
where φ0 and T0 are constants of integration and C comes from the definition of the point
transformations (4.15) and (4.16). Both φ0 and C must be non-zero. Since the integrability
criteria produces an exact time evolution of A(t) as given in (4.22), equation (4.26) can be
simplified in the present case as
φ (t)= φ0V0
− 1
(n+3)
(
2n
√
λ
n+3
)− 1n
(t0−t)− 3n
[
C
1−n
2 V0
2
(n+3)
n
3
(
2n
√
λ
n+3
) 2
n
(
(t0−t) 3n +δ
)
−T0
] 2
(1−n)
,
(4.27)
where δ comes as a constant of integration. One can clearly see that at t = t0, when the
volume element goes to zero, the scalar field diverges for n > 0 and n <−3. A simple example
for the evolution of the scalar field can be obtained where the integration constants δ and T0 are
put to zero. The time evolution then can be written as φ(t)∼ (t0− t)
3(1+n)
n(1−n) , which is consistent
with the solution for scalar field one obtains from equation (4.19).
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4.4.3 Divergence of Density, Pressure and Kretschmann Scalar
From the field equations, one can write the expressions for the density and the pressure in terms
of A(t) and φ(t) as
ρ = 3kA2+3A˙2− 1
2
A2φ˙2− V0φ
n+1
n+1
, (4.28)
p =−kA2+2A¨A−3A˙2− 1
2
A2φ˙2+
V0φn+1
n+1
. (4.29)
Both pressure and density diverge as t goes to t0 for n > 0 and n <−3. The expression for
density indicates that if the scalar field part goes to infinity faster than the rest, the fluid density
may go to a negative infinity close to the singularity. For a simple case, where n = 3, i.e., the
potential is defined as V (φ) = V0φ
4
4 , one can write φ = φ0C1λ
− 12 (t0− t)−2, for the arbitrary
integration constants T0 = δ = 0 (C1 is a constant depending on the values of C and V0). In
this case, the scalar field part, contributing negatively, blows up much quicker (∼ (t0− t)−8) as
t → t0 than the rest, which go to infinity as ∼ (t0− t)−2 and ∼ (t0− t)−4. However, the strong
energy condition, (ρ+3p)> 0, can still be satisfied. From (4.28) and (4.29), one can write
(ρ+3p) = 6A¨A−6A˙2−2A2φ˙2+ 2V0φ
(n+1)
(n+1)
, (4.30)
which can indeed remain positive. For the particular example of n= 3, this can be simplified
into
(ρ+3p)∼ 6
λ (t0− t)4 +
φ02C12
2λ 2(t0− t)8 (V0φ0
2C12−16). (4.31)
Here, λ is always positive as discussed earlier and so is φ02C12. Near the singularity, as t → t0,
the second term on the RHS becomes more dominating than the first term; (ρ+3p) must be
greater than zero to satisfy the energy condition, and to avoid any possible negativity near
t = t0, the condition V0φ02C12 > 16 must be satisfied.
It is intersting to note that in the Hawking radiation process, the stress energy tensor is
known to behave in such a peculiar manner, such as the breakdown of weak energy condition
T µνuµuν > 0 in the classical sense, meaning a negative energy density [273]. It should also
be noted that at the apparent horizon, which covers the singularity in all cases, the terms in
the expression for the density do not diverge, and it is quite possible to ensure a positive ρ by
fixing the constants.
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The Kretschmann scalar can be calculated for the metric (4.1) (k = 0) as
K = RαβγδR
αβγδ = 6A˙4+6
(
A¨
A
− A˙
2
A2
)2
A4, (4.32)
which, in view of the solution (4.23) yields
K ∼ (t0− t)−4(n20+1)
,
for n > 0 and n <−3. Since the kretschmann scalar clearly diverges as t → t0, one indeed
has a curvature singularity as a result of the collapse. As already discussed in Section 2.1.3,
existence of such a singularity in a spacetime is in general understood in the form of non-
spacelike incomplete geodesics. If the spacetime curvature and similar other physical quantities
remain finite along an incomplete nonspacelike geodesic in the limit of approaching the
singularity, it could be regarded as mathematical pathology in the spacetime rather than having
any physical significance (for example, an integrable singularity, weaker than the conventional
singularity and allows the (effective) matter to pass to a white-hole region; Lukash and Strokov
[232]). A singularity will only be physically important when there is a powerful enough
curvature growth along singular geodesics, and the physical interpretation and implications of
the same are to be considered.
In this chapter, the curvature singularity encountered is indeed a physically significant non-
integrable singularity, indicating an occurrence of nonspacelike geodesic incompleteness.
4.5 Boundary Matching with an exterior Vaidya spacetime
For a complete and consistent analysis of gravitational collapse, proper junction conditions
are to be examined carefully which allow a smooth matching of an exterior geometry with the
collapsing interior. Any astrophysical object is immersed in vacuum or almost vacuum space-
time, and hence the exterior spacetime around a spherically symmetric star is well described
by the Schwarzschild geometry. Moreover it was extensively shown by Goncalves and Moss
[188] that any sufficiently massive collapsing scalar field can be formally treated as collapsing
dust ball. From the continuity of the first and second differential forms, the matching of the
sphere to a Schwarzschild spacetime on the boundary surface, Σ, is extensively worked out in
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literature as already discussed in the earlier chapters (see also [263, 274–276]).
However, conceptually this may lead to an inconsistency since the treatment allowed for a
dust collapse may not be valid for a scalar field in general. For instance, since Schwarzschild
has zero scalar field, such a matching would lead to a discontinuity in the scalar field, which
means a delta function in the gradient of the scalar field. As a consequence, there will appear
square of a delta function in the stress-energy, which is definitely an inconsistency. In modified
theories of gravity an alternative scenario is discussed sometimes where the exterior is non-
static. However, the solar system experiments constrain heavily such a scenario. Another
possible way to avoid such a scenario can perhaps be allowing jump in the curvature terms in
the field equations. Such cases must result in surface stress energy terms, which in collapsing
models must have observational signatures and can be established via experimental evidences
[146].
Following the arguements of Goswami and Joshi [215, 277], Ganguly and Banerjee [217],
we match the spherical ball of collapsing scalar field to a Vaidya exterior across a boundary
hypersurface defined by Σ. The metric just inside Σ is
ds2 =
1
A(t)2
[
dt2−dr2− r2dΩ2
]
, (4.33)
and the Vaidya metric is given by
ds2 =
[
1− 2m(v)
R
]
dv2+2dvdR−R2dΩ2. (4.34)
The quantity m(v) represents the Newtonian mass of the gravitating body as measured by an
observer at infinity. The metric (4.34) is the unique spherically symmetric solution of the
Einstein field equations for radiation in the form of a null fluid. The necessary conditions
for the smooth matching of the interior spacetime to the exterior spacetime was presented by
Santos [263] and also discussed in detail by Chan [274] in context of a radiating gravitational
collapse. Following their work, The relevant equations matching (4.33) with (4.34) can be
written as
r
A(t)Σ
= R, (4.35)
r(rB′)Σ =
[
RA
(
1− 2m(v)
R
)
v˙+RAR˙
]
, (4.36)
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m(v)Σ =
r3
2A3
(
A˙2−A′2+ A
′A
r
)
, (4.37)
and
pΣ =
q
A(t)Σ
= 0, (4.38)
where Σ is the boundary of the collapsing fluid and q denotes any radial heat flux defined in
the interior of the collapsing scalar field. For a non-viscous shear-free fluid with pressure
anisotropy and heat conduction the condition (4.38) gives prΣ =
q
A(t) .
The relation as in equation (4.38) yields a nonlinear differential condition between the
conformal factor and the scalar field to be satisfied on the boundary hypersurface Σ as[
2
A¨
A
−2 A˙
2
A2
− 1
2
φ˙2+
V0
A2
φ (m+1)
(m+1)
]
Σ
= 0. (4.39)
Using the time evolution of the conformal factor and the scalar field, i.e. equations (4.22)
and (4.27), one can simplify this expression and establish some constraints over the choices
of parameters such as V0, n, λ , φ0, δ and T0. Therefore, the validity of the present models is
established along with certain constraints. Using the field equations in the boundary matching
conditions, it is straightforward to obtain [278] a functional dependence between the retarded
time v and t given as
v˙Σ =
1
(A−2rA˙) . (4.40)
An interesting feature is observed if the interior solution is matched with a Schwarzschild
exterior. On the boundary hypersurface Σ, the matching of extrinsic curvature gives[
2n02−n04
(t− t0)2
]
Σ
= 0, (4.41)
which means n02 = 2 and it is easy to note that the resulting metric corresponds to the
Oppenheimer-Snyder model for the marginally bound case.
However, it must be noted that (n+32n ) = n
2
0 = 2 implies that n = 1, which does not fall in the
domain of validity of the theorem employed in this work.
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4.6 Visibility and nature of the singularity
Whether the curvature singularity is visible to an exterior observer or not, depends on the
formation of an apparent horizon. The condition for such a surface is given by
gµνR,µ R,ν= 0, (4.42)
where R is the proper radius of the two-sphere, given by rA(t) = rY (t) in the present case. The
relevant cases in the present work are certainly the ones for n > 0 and n < −3. Using the
explicit time evolution of A from equation (4.22), equation (4.42) yields a simple differential
equation,
r2Y˙ 2− (1− kr2)Y 2 = 0, (4.43)
which, in view of equations (4.23) and (4.24), yields the algebraic equation at t = tapp
Y˙
Y
=
n20
tapp− t0 . (4.44)
Since the present interest is in a collapsing solution, scale factor must be a monotonically
decreasing function of time. Y˙ is negative and Y , being the scale factor, must always be positive.
Thus from equation (4.44), the condition is consistent if and only if tapp < t0. This clearly
indicates that the apparent horizon forms before the formation of the singularity, for all relevant
cases. Thus, the curvature singularity is always covered from an exterior observer by the
formation of an apparent horizon. It deserved mention that there is no apriori compulsion of the
formation of the horizon ahead of the formation of a singularity as this is a central singularity.
Had the formation of singularity been independent of r, indicating that it forms everywhere
in the collapsing distribution instanteneously, the compulsion of the existence of the horizon
would have been ensured [39]. At the singularity in the present case, one has Y = 0 and Y˙ ̸= 0.
Equation (4.43) indicates that this is consistent only with r = 0 at the singularity. Thus the
singularity is strictly a central singularity which could have been a naked singularity as well.
The standard analysis shows that the present singularity is a shell-focusing one (for which
gθθ = 0) and not a shell-crossing one (for which
dgθθ
dr = 0, gθθ ̸= 0 and r > 0)[17, 18, 27, 28].
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4.7 Potential as a combination of the form V (φ) = 12φ
2+ φ
n+1
n+1
For a very simple combination of two powers of φ ,
V (φ) =
1
2
φ2+
φn+1
n+1
, (4.45)
the method of integrability of anharmonic oscillators can lead to some interesting informations
about the behaviour of the collapse. With equation (4.45), one can write
dV
dφ
= φ +φn. (4.46)
The scalar field equation (4.9), with the same metric (4.1), becomes
φ¨ −2 A˙
A
φ˙ +
φ
A2
+
φn
A2
= 0, (4.47)
which can be written in a general form
φ¨ + f1(t)φ˙ + f2(t)φ + f3(t)φn = 0, (4.48)
in a similar way as was done earlier for a simple power law potential. It is easy to recognize
fi’s as f1 =−2 A˙A , f2 = f3 = 1A2 . Equation (4.14), now reduces to
A¨
A
−3(n+1)
(n+3)
A˙2
A2
+
(n+3)
6A2
= 0, (4.49)
where in order to ensure an integrability of the wave equation (4.47), one must restrict the
choice of n such that n /∈ {−3,−1,0,1}. This differential equation yields a straightforward first
integral given as
A˙2−λA
6(n+1)
(n+3) − (n+3)
2
18(n+1)
= 0, (4.50)
where λ comes as a constant of integration. This can be written in a simpler form,
A˙ =
(
λAp+q
) 1
2
, (4.51)
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where, p = 6(n+1)(n+3) and q =
(n+3)2
18(n+1) . The general solution of equation (4.51) can in fact be given
in the form of Gauss’ Hypergeometric function,
A√
q2
F1
[
1
2
,
1
p
;(1+
1
p
);−λA
p
q
]
= t− t0, (4.52)
where t0 is a constant of integration.
It is very difficult to invert the equation (4.52) and write A(t) as a function of t explicitly.
However, since we are interested in a regime of space-time, where the volume is very small, an
approximate analysis of this equation can be given, assuming A(t)→ ∞, meaning the proper
radius (∼ 1A) is very small. Then from the series expansion of the Hypergeometric function,
one can write
2F1(a,b;c;x) =
Γ(b−a)Γ(c)
Γ(b)Γ(c−a)(−x)
−a
[
1+O
(
1
x
)]
+
Γ(a−b)Γ(c)
Γ(a)Γ(c−b)(−x)
−b
[
1+O
(
1
x
)]
(4.53)
for |x| → ∞ and a ̸= b.
Using (4.53), the expression for A can be written from equation (4.52) as
A1−p/2
λ 1/2
Γ(1/p−1/2)Γ(1+1/p)
Γ(1/p)Γ(1/p+1/2)
[
1+O
(
− q
λAp
)]
+
q1/p−1/2
λ 1/p
Γ(1/2−1/p)Γ(1+1/p)
Γ(1/2)Γ(1)
[
1+O
(
− q
λAp
)]
= t− t0. (4.54)
A careful study of equation (4.54) reveals that, for all (1− p2 )< 0, A(t)→∞, which implies
that the scale factor 1A(t) → 0, for a negative (1− p2 ), at the time
t = t0+
[
q1/p−1/2
λ 1/p
][
Γ(1/2−1/p)Γ(1+1/p)
Γ(1/2)Γ(1)
]
. (4.55)
It should be noted that as this would require (1− p2 ) to have a negative value, n is either positive
or n <−3. The latter however will lead to imaginary solutions for the scale factor and will not
be considered in the subsequent discussion.
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For the sake of completeness, we should mention that the general solution for the scalar
field equation can be written as
T = T0+
ε
C0
Φ
√
C0 (n+1)−Φn+1
2(n+1) 2
F1
[
1,
n+3
2(n+1)
;
n+2
n+1
;
Φn+1
C0(n+1)
]
, n ̸=−1, (4.56)
where T0 and C0 are arbitrary constants of integration and Φ and T are defined by equations
(4.15) and (4.16) respectively.
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Fig. 4.1 Plot of t vs A(t) for n = 10 and a positive λ .
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Fig. 4.2 Plot of t vs A(t) for n =− 1100 and a positive λ .
We shall discuss a few examples with some values of the constants n,λ and t0 with the
help of numerical plots. Figure 4.1 shows that for n = 10 and a positive λ , A increases very
fast to an indefinitely large value at a finite value of time t indicating that the proper radius ( 1A )
and hence the proper volume indeed crushes to a singularity. Figure 4.2 shows that for a small
negative value of n, namely n =− 1100 , one has a collapsing situation, but the rate of collapse
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Fig. 4.3 Plot of t vs A(t) for negative λ .
dies down and the singularity is not reached at a finite time. This is quite consistent with the
inference drawn from equation (4.54) that for a collapse to reach a singular state at a finite time,
one would require a positive value of n. The behaviour is also sensitive to the initial conditions.
For example, for a negative λ , the same small negative value of n would lead to a situation
where the distribution will not collapse beyond a certain constant finite volume at a finite time
after the collapse begins, as shown in figure 4.3.
4.8 Discussion
In the present chapter a massive scalar field collapse with a power law potential (V ∼ φn+1) is
discussed in a very general situation which includes a very wide range of the values of n.
In order to study the problem analytically, a strategy of dealing with the integrability con-
dition for the scalar field equation is adopted. The recently developed technique of solving
anharmonic oscillator problem by Euler [260, 261] (see also [262]) has been utilized. It is
interesting to note that the conclusions drawn from these calculations are independent of the
choice of any equation of state for the fluid distribution. This is because the scale factor is
calculated straightaway from the integrability condition. The field equations can be utilized
in the determination of the fluid density and pressure as functions of A and φ and hence as a
function of t (equations (4.28) and (4.29)).
The general result is that it is indeed possible to have a collapsing situation which crushes
to the singularity of zero proper volume and infinite curvature. The singularity is hidden by
an apparent horizon which forms before the formation of the singularity, thus the singularity
is never visible. This situation is observed for potentials of the form V ∼ φn+1 where n <−3
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or n > 0. However, for 0 > n > −3, the model collapses for ever, reaching the singularity
only at an infinite future. Therefore, for a continuous gravitational collapse of a massive
scalar field with potential of the form V (φ)∼ φ (n+1), whenever one has a singularity at a finite
future, it is necessarily covered by a horizon. This is completely consistent with the theorem
proved by Hamid, Goswami and Maharaj [279], that for a continuous gravitational collapse in
a conformally flat spacetime the end product is always a black hole.
A quadratic potential is of a primary interest in scalar field theories. But this form of potential
is out of the domain of validity of the theorem used (the method does not work for n= 1, which
corresponds to a quadratic potential). A discussion on a potential containing two terms, one of
which is a quadratic in φ , is included as well so as to include the effect of a quadratic potential
albeit not independently. Although an elaborate discussion in this case has not been possible,
quite a few interesting results from the asymptotic behaviour of the solution has been noted
with the help of numerical plots. Depending on the initial conditions, there are many interesting
possibilities, where the singularity is reached only at infinite time, and even a situation where
the collapsing object settles down to a finite size rather than crushing into a singular state.
This phenomena can perhaps be argued to be like a scalar field analogue of a white dwarf or
a neutron star where the collapsing star equilibriates as a finite object when the degenerate
fermion pressure is able to halt the gravitational collapse. Apparently a scalar field with a
potential which is a power law of the field φ with a small negative exponent along with a φ2
term can also do the trick.
It deserves mention that method utilized works only for the cases when the scalar field
equation is integrable, and does not work for certain values of n, but appears to be an extremely
powerful tool, and should find extensive application in the physics of scalar field collapse.
Chapter 5
Self-similar scalar field collapse*
This chapter contains an investigation of the collapse of a massive scalar field along with a fluid
distribution which is locally anisotropic and contains a radial heat flux. This vastly general
matter distribution is analysed at the expense of a high degree of symmetry in the spacetime,
the presence of both conformal flatness and self similarity. The self-interaction potential is
taken to be a power law function of the scalar field or suitable combinations of power-law terms.
Power law potentials are in fact quite relevant and well-studied in cosmological contexts as
many realistic matter distribution can be modelled with power law potentials. For instance, a
quadratic potential, on the average, mimics a pressureless dust whereas the quartic potential
exhibits a radiation like behavior [178]. A potential with a power less than unity results in an
inverse power-law self interaction as in the wave equation, the dVdφ term introduces a term with
inverse power of φ . Inverse power law potentials were extensively used for the construction
of tracker fields[158, 280, 281]. The scalar field evolution equation is studied extensively in
this chapter for some reasonable choices of potentials so that examples from both positive and
negative self interactions can be taken care of.
In the previous chapter, an exact solution for such a scalar field collapse with a spatial
homogeneity was discussed and it was shown that such a massive scalar field collapse without
any apriori choice of an equation of state, necessarily leads to the formation of a black hole.
Under the assumption that the scalar field evolution equation is integrable, the integrability
conditions for a general anharmonic oscillator equation (developed by Euler [260, 261] and
utilized by Harko, Lobo and Mak[262]) was extensively utilised in the last chapter, and is the
main tool used in this chapter as well. The assumption of homogeneity is dropped and also
the fluid content has a local anisotropy and a radial heat flux, thus making the system under
*The results of this chapter are reported in Physical Review D (2017) 95, 024015
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consideration a lot more general than the one described in last chapter. However, an additional
symmetry, the existence of a homothetic Killing vector, is assumed at the outset, implying a
self-similarity in the spacetime.
The assumption of self-similarity imposes a restriction on the metric tensor, but it is not
really unphysical and there are lots of examples where self-similarity is indeed observed. In
non-relativistic Newtonian fluid dynamics, self-similarity indicates that the physical variables
are functions of a dimensioness variable xl(t) where x and t are space and time variables and
l, a function of t, has the dimension of length. Existence of self-similarity indicates that the
spatial distribution of physical variables remains similar to itself at all time. Such examples
can be found in strong explosions and thermal waves. In general relativity also, self-similarity,
characterized by the existence of a homethetic Killing vector, finds application. We refer to
the work of Carr and Coley[255] for a review on the implications of self-similarity in general
relativity.
5.1 Conformally flat Scalar field and a fluid with pressure
anisotropy and heat flux
The space-time metric is chosen to have a vanishing Weyl tensor implying a conformal flatness.
The metric can be written as
ds2 =
1
A(r, t)2
[
dt2−dr2− r2dΩ2
]
, (5.1)
where A(r, t) is the conformal factor and governs the evolution of the sphere. The fluid inside
the spherically symmetric body is assumed to be locally anisotropic along with the presence of
heat flux. Thus the energy-momentum tensor is given by
Tαβ = (ρ+ pt)uαuβ − ptgαβ +(pr− pt)χαχβ +qαuβ +qβuα , (5.2)
where qα = (0,q,0,0) is the radially directed heat flux vector, ρ is the energy density, pt the
tangential pressure, pr the radial pressure, uα the four-velocity of the fluid and χα is the unit
four-vector along the radial direction. The vectors uα and χα are normalised as
uαuα = 1, χαχα =−1, χαuα = 0. (5.3)
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A comoving observer is chosen, so that uα = Aδα0 and the normalization equation (5.3) is
satisfied (A = 1√g00 ). It is to be noted that there is no assumption of an isotropic fluid pressure
to begin with. The radial and transverse pressures are different. Anisotropic fluid pressure is
quite relevant in the study of compact objects and considerable attention has been given to
this in existing literature. Comprehensive reviews can be found in the works of Herrera and
Santos [282], Herrera et. al.[283]. It has also been shown by Herrera and Leon that on allowing
a one-parameter group of conformal motions, a smooth matching of interior and exterior
geometry is possible if and only if there is an pressure anisotropy in the fluid description [284].
A dissipative process, namely heat conduction is also included in the system. In the evo-
lution of stellar bodies, dissipative processes are of utmost importance. Particularly when a
collapsing star becomes too compact, the size of the constituent particles can no longer be
neglected in comparison with the mean free path, and dissipative processes can indeed play
a vital role, in shedding off energy so as to settle down to a stable final system. For more of
relevant details we refer to the works of Herrera et. al. [283], Kazanas and Schramm [285].
When a scalar field φ = φ(r, t) is minimally coupled to gravity, the relevant action is given
by
A =
∫ √−gd4x[R+ 1
2
∂ µφ∂µφ −V (φ)+Lm], (5.4)
where V (φ) is the potential and Lm is the Lagrangian density for the fluid distribution. From
this action, the contribution to the energy-momentum tensor from the scalar field φ can be
written as
T φµν = ∂µφ∂νφ −gµν
[
1
2
gαβ∂αφ∂βφ −V (φ)
]
. (5.5)
Einstein field equations (in the units 8πG = 1) can thus be written as
3A˙2−3A′2+2AA′′+ 4
r
AA′ = ρ+
1
2
A2φ˙2− 1
2
A2φ ′2+V (φ), (5.6)
2A¨A−3A˙2+3A′2− 4
r
AA′ = pr +
1
2
φ ′2A2+
1
2
A2φ˙2−V (φ), (5.7)
A¨A−3A˙2+3A′2− 2
r
AA′−2AA′′ = pt − 12φ
′2A2+
1
2
A2φ˙2−V (φ), (5.8)
2A˙′
A
=− q
A3
+ φ˙φ ′. (5.9)
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The wave equation for the scalar field is given by
□φ + dV
dφ
= 0, (5.10)
which, for the present metric (5.1), translates into
φ¨ −φ ′′−2 A˙
A
φ˙ −2φ
′
r
+2
φ ′A′
A
+
1
A2
dV
dφ
= 0. (5.11)
In this system of equations, there are 6 unknowns, namely, ρ , pr, pt , q, A and φ , whereas only
four equations (6−8) to solve for them. Rather than the usual strategy of assuming any specific
equation of state to close the system of equation, we probe the system under the assumption that
the scalar field equation (5.11) is integrable; which facilitates the appearence of an additional
differential condition on the conformal factor, as discussed in the following sections.
5.2 Self Similarity and exact solution
A self-similar solution is one in which the spacetime admits a homothetic killing vector ξ ,
which satisfies the equation
Lξgab = ξa;b+ξb;a = 2gab, (5.12)
where L denotes the Lie derivative. In such a case, one can have repeatative structures at various
scales. With a conformal symmetry the angle between two curves remains the same and the
distance between two points are scaled depending on the spacetime dependence of the confor-
mal factor ( 1A in the present case). For a self-similar space-time, by a suitable transformation of
coordinates, all metric coefficients and dependent variables can be put in the form in which
they are functions of a single independent variable, which is a dimensionless combination of
space and time coordinates; for instance, in a spherically symmetric space this variable is tr .
It deserves mention that a homothetic Killing vector (HKV) is a special case of a conformal
Killing vector (CKV) η defined by Lηgab = ηa;b+ηb;a = λgab, where λ is a function. Clearly
HKV is obtained from a CKV when λ attains a constant value. For a brief but useful discussion
on CKV, we refer to the works by Maartens and Maharaj [238, 240], Maartens, Maharaj and
Tupper [244].
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Writing A(r, t) = rB(z), the derivatives are transformed into derivatives with respect to z
and the scalar field equation (5.11) is written as
φ◦◦−φ◦
[
2
B◦
B
+
2z
1− z2
]
+
dV
dφ
B2(1− z2) = 0. (5.13)
Here, an overhead ◦ denotes a derivative with respect to z = tr .
Equation (5.13) can be formally written as a general classical anharmonic oscillator equation
with variable coefficients as
φ◦◦+ f1(z)φ◦+ f2(z)φ + f3(z)
dV
dφ
= 0, (5.14)
where fi’s are functions of z only.
5.3 A note on the integrability of an anharmonic oscillator
equation
A nonlinear anharmonic oscillator with variable coefficients and a power law potential can be
written in a general form as
φ¨ + f1(u)φ˙ + f2(u)φ + f3(u)φn = 0, (5.15)
where fi’s are functions of u and n ∈Q, is a constant. Here u is the independent variable.
An overhead dot represents a differentiation with respect to u. Using Euler’s theorem on the
integrability of the general anharmonic oscillator equation [260, 261] and recent results given
by Harko et al [262], this equation can be integrated under certain conditions. This can be
given in the form of a theorem as [260, 262],
Theorem For n /∈ {−3,−1,0,1}, if and only if the coefficients of Eq.(5.15) satisfy the
differential condition
1
(n+3)
1
f3(u)
d2 f3
du2
− n+4
(n+3)2
[
1
f3(u)
d f3
du
]2
+
n−1
(n+3)2
[
1
f3(u)
d f3
du
]
f1 (u)+
2
n+3
d f1
du
+
2(n+1)
(n+3)2
f 21 (u) = f2(u), (5.16)
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equation (5.15) is integrable.
If one introduces a pair of new variables Φ and U given by
Φ(U) = Cφ (u) f
1
n+3
3 (u)e
2
n+3
∫ u f1(x)dx, (5.17)
U (φ ,u) = C
1−n
2
∫ u
f
2
n+3
3 (ξ )e
( 1−nn+3)
∫ ξ f1(x)dxdξ , (5.18)
where C is a constant, equation (5.15) can be written as
d2Φ
dU2
+Φn (U) = 0. (5.19)
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m+1
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5.4.1 Solution for the Scale Factor
As already discussed in Section 1.3.1, a scalar field with a variety of interaction potential can
mimic the evolution of many a kind of matter distribution; for instance, Goncalves and Moss
[188] showed that the collapse of a spherically symmetric self-interacting scalar field can be
formally treated as a collapsing dust ball. Many reasonable matter distribution can be modelled
with power law interaction potentials, for example, a quadratic potential, on the average, mimics
a pressureless dust whereas the quartic potential exhibits radiation like behavior [178]. We
choose to study a simple power law potential, for which dVdφ = φ
m, such that one can study
different possible outcomes of the gravitational collapse of such a self-interacting scalar field
for different choice of m, i.e., for different definitions of the self-interaction. One can write
equation (5.13) as
φ◦◦−φ◦
[
2
B◦
B
+
2z
1− z2
]
+
φm
B2(1− z2) = 0. (5.20)
Comparing with (5.15), it is straightforward to identify f1(z) =−
[
2B
◦
B +
2z
1−z2
]
, f2(z) = 0 and
f3(z) = 1B2(1−z2) . The integrability criteria as mentioned in the last section, gives a second order
non-linear differential condition on B(z) as
B◦◦
B
−3(m+1)
(m+3)
(
B◦
B
)2
− 8(2m+3)
6(m+3)
B◦z
B(1− z2) −
2(1+m)z2−2(m+3)
6(m+3)(1− z2)2 = 0. (5.21)
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Here [m ̸=−3,−1,0,1] as mentioned before.
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Fig. 5.1 Evolution of the conformal factor B(z) with respect to z for z > 10. The potentials are
taken to be V (φ) = 5φ
2/5
2 (graph on the left side) and V (φ) =
φ4
4 (graph on the right side).
It is indeed difficult to handle the equation (5.21) analytically, but it can be treated numeri-
cally so as to examine the nature of B as a function of z. Our aim is to understand whether the
system reaches any singularity of zero proper volume at any finite future. Figure 5.1 shows
the numerical evolution of B(z) with respect to z for m =−35 and m = 3. Keeping in mind the
fact that the scale factor is proportional to 1B(z) ; it appears that for m =−35 , i.e. V (φ) = 5φ
2/5
2 ,
the system undergoes a gravitational collapse, but the rate of collapse dies down eventually,
and a zero proper volume singularity is reached only for z→ ∞, i.e. for finite t = ts but r → 0.
However, for V (φ) = φ
4
4 , the system shrinks to zero rather rapidly, where B(z)→ ∞, at a finite
value of z and this singularity is not necessarily a central singularity.
These plots, though represent the general evolution of the spherical body, further analysis
like formation of an apparent horizon or the nature of curvature scalar may not be quite
straightforward, without any solution for B(z) in a closed form. With this in mind, we now
investigate whether the collapsing system reaches any central singularity at a future given by
t → ts and r → 0. For that purpose we now look for an approximate but analytical expression
for B(z) for z >> 1. In this domain the last term on the LHS of (5.21), 2(1+m)z
2−2(m+3)
(m+3)2(1−z2)2 is of the
order of∼ 1z2 + 1z4 and hence can be ignored with respect to the other terms. This approximation
does not affect the nature of the evolution as shall be seen in the subsequent analysis. Thus we
write the effective equation governing the collapsing fluid for z >> 1 as
B◦◦
B
−3(m+1)
(m+3)
(
B◦
B
)2
− 8(2m+3)
6(m+3)
B◦z
B(1− z2) = 0. (5.22)
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A solution of equation (5.22) can be written in term of Gauss’ Hypergeometric function as
B1−α
(1−α) = 2F1
[
1
2
,β ;
3
2
;z2
]
εz+ ε0, (5.23)
where α and β are defined in terms of m as α = 3 (m+1)(m+3) , β =
8(2m+3)
6(m+3) and ε and ε0 are
constants of integration. Equation (5.23) describes the evolution of the spherical body as a
function of the self-similarity variable z and the exponent of the self interaction, m. One can
expand equation (5.23) in a power series in the limit z → ∞ and write B(z) explicitly as a
function of z. However, in order to present some simple examples we choose three values of
m such that the parameter β has the values 1, 2 and 0 respectively; namely, m = −35 , m = 3
and m =−32 . Therefore the potentials are effectively chosen as V (φ) = 5φ
2/5
2 , V (φ) =
φ4
4 and
V (φ) = − 2φ1/2 . A case where m = −32 is also taken up so as to include an example for an
inverse power law potential as well.
1. Case 1 : m =−35 , β = 1 and α = 12
Putting these values in (5.22), a solution can be written as
B(z) =C2
[
C1+
1
2
ln
∣∣∣z+(z2−1) 12 ∣∣∣]2, (5.24)
where C1 and C2 are constants of integration. Therefore the inverse of the conformal
factor can be written explicitly as a function of r and t as
A(z) = rC2
[
C1+
1
2
ln
∣∣∣∣∣ tr +
(
t2
r2
−1
) 1
2
∣∣∣∣∣
]2
. (5.25)
The evolution with respect to z and therefore formation of a singularity will depend on
the integration constants and of course, the choice of potential does play a crucial role.
Without any loss of generality we assume C2 = 1. It must be mentioned, that for all
C2 < 0, one has either a negative volume or no real evolution at all. Excluding those
cases, now we examine equation (5.24) near the central singularity. It is evident that, the
singularity, characterised by B→ ∞, appears only when z→ ∞, i.e, either when ts → ∞,
or when t → ts, r→ 0. However, for all negative values of C1, the system is not collapsing
at all; rather, it settles down asymptotically at a finite volume after a period of steady
expansion with respect to z. Figure 5.2 shows the evolution of B(z) with respect to z.
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Fig. 5.2 Evolution of B(z) with respect to z for V (φ) = 5φ
2/5
2 , for different choices of the
parameter C1.
2. Case 2 : m = 3, α = β = 2.
With these values of the parameters, equation (5.22) can be solved to write B(z) as
B(z) =
C2
ln
[
C1(1+z)
(1−z)
] . (5.26)
Here, C2 can again be chosen to be unity. For the solution to be valid in the region z>> 1,
C1 must be a non-zero negative number such that ln
[
C1(1+z)
(1−z)
]
is real.
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Fig. 5.3 Evolution of B(z) with respect to z for V (φ) = φ
4
4 for different negative values of the
parameter C1.
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From (5.26) one can find that the system reaches zero proper volume singularity at a
finite value of z given by
zs =
1−C1
1+C1
. (5.27)
However, for a collapsing model, the scale factor must be a decreasing function through-
out. This means ddz ln
[
(1+z)C1
(1−z)
]
< 0. On simplification, this yields 2
(1−z2) < 0, which
holds true if and only if z > 1. So zs, defined by zs = 1−C11+C1 is greater than 1, only if
−1 <C1 < 0, which is, therefore consistent with the requirement of a negative C1. The
discussion is supported graphically in figure 5.3.
3. Case 3 : m =−32 α =−1 and β = 0.
Equation (5.22) is simplified significantly and solution of B(z) may be written as
B(z) = [2C1(z+ z0)]
1
2 . (5.28)
Here, C1(> 0) and z0 are constants of integration. The scale factor is defined as Y (r, t) =
1
[2C1( tr+z0)]
1
2
. Now, Y → 0 only when z→ ∞, i.e., t → ts, r → 0. Thus the system reaches
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Fig. 5.4 Evolution of B(z) with respect to z for V (φ) =− 2φ1/2 for different positive values of
C1. The qualitative behaviour remains the same over different choices of the parameter.
a central singularity ar t → ts, as shown in figure 5.4 for different choices of initial
conditions defined by the choice of C1.
5.4.2 Expressions for scalar field, physical quantities and curvature scalar
Point transforming the scalar field equation using (5.17) and (5.18), equation (5.13) can be
written in an integrable form as (5.19). Using the exact form of the coefficients f1(z) and f3(z),
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after some algebra, we express the scalar field as a function of z as
φ(z) = φ0B
6
(m+3) (1− z2)− 1(m+3)
[
C
(1−m)
2
∫
B
2(m−3)
(m+3) (1− z2)−
(m+1)
(m+3)dz−Φ0
]
. (5.29)
Here, C is an integration constant coming from the definition of the point transformation and
φ0 is defined in terms of C. Φ0 is a constant coming from integration over z. For all choices of
m discussed in the previous section, B
6
(m+3) is an increasing function w.r.t z, and diverges when
B(z)→ ∞. Thus it is noted that the scalar field diverges at the singularity.
From (5.6), (5.7), (5.8) and (5.9), the density, radial and tangential pressure and the heat
flux can be expressed generally as
ρ = 3A˙2−3A′2+2A′′A+ 4
r
A′A− 1
2
A2φ˙2+
1
2
A2φ ′2− φ
m+1
(m+1)
. (5.30)
pr = 2A¨A−3A˙2+3A′2− 4r A
′A− 1
2
φ ′2A2− 1
2
φ˙2A2+
φm+1
(m+1)
. (5.31)
pt = 2A¨A−3A˙2+3A′2−2A′′A− 2r A
′A+
1
2
φ ′2A2− 1
2
φ˙2A2+
φm+1
(m+1)
. (5.32)
q =−2A˙′A2+ φ˙φ ′A3. (5.33)
One can use the approximate solution for B from equations (5.25), (5.26) and (5.28) and
use the fact that A(r, t) = rB(z) in order to check the nature of the fluid variables at singularity.
It is found that when the sphere shrinks to zero volume, all these quantities diverge to infinity,
confirming the formation of a singularity. To comment on the nature of singularity we write the
Kretschmann curvature scalar from (5.1) as
K =−7A˙′2A2+4(A˙2−A′2+ AA
′
r
+A′′A)2+2(A˙2−A′2+A′′A− A¨A)2
+4(A˙2−A′2+ AA
′
r
− A¨A)2+(A˙2−A′2+2AA
′
r
)2. (5.34)
For any given time-evolution, the Kretschmann scalar diverges anyway when r → 0, which
indicates that the central shell focussing ends up in a curvature singularity. We note that a
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singularity may also form in relevant cases where r ̸= 0. To investigate such a singularity, we
write 5.34 as a function of z given by
K(z) =−7B◦2z2B2+4[B◦2− (B−B◦z)2+B(B−B◦z)−B◦◦Bz2]2+2[B◦2
−(B−B◦z)2+B◦◦B−B◦◦Bz2]2+4[B◦2− (B−B◦z)2+B(B−B◦z)−B◦◦B]2
+[B◦2− (B−B◦z)2+2B(B−B◦z)]2. (5.35)
From this expression we note that the first term on the RHS of Kretschmann scalar B◦2z2B2
diverges anyway when B(z)→ ∞. Thus, the singularity always turns out to be a curvature
singularity.
5.5 Apparent Horizon
Visibility of the central singularity depends on the formation of an apparent horizon, the surface
on which outgoing light rays are just trapped, and cannot escape outward. The condition of
such a surface is given by
gµνR,µ R,ν= 0, (5.36)
where R(r, t) is the proper radius of the collapsing sphere, which is rB(z) in the present work.
Writing the derivative in terms of z = tr , one can express (5.36) as
(1− z2)B◦2 = 0. (5.37)
We investigate the formation of an apparent horizon in all the relevant cases discussed, for
V (φ) = 5φ
2/5
2 , V (φ) =
φ4
4 and V (φ) =− 2φ1/2 , with the assumption C2 = 1 and z >> 1.
1. Case 1 : m =−35
The equation (5.37) gives the condition
z+(z2−1)1/2 = e−2(C1−δ 1/20 ) = eγ , (5.38)
where we have defined γ =−2(C1−δ 1/20 ) and δ0 is a constant of integration. The above
equation can be simplified to find the time of formation of apparent horizon as
tap =
re−γ
2
(e2γ −1) = rsinhγ. (5.39)
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2. Case 2 : m = 3
The equation (5.37) is simplified to yield the condition
C1
(1+ z
1− z
)
= e1/Ψ0 . (5.40)
Here Ψ0 is a constant of integration over z. One can further simplify to write the time of
formation of apparent horizon as
tap = r
(
e
1
Ψ0 −C1
e
1
Ψ0 +C1
)
= rΓ0. (5.41)
We note here that considering an apparent horizon is not necessary for those cases where
singularity forms only when t → ∞, i.e. when there is no real singularity at all.
3. Case 3 : m =−32
In a similar manner, for V (φ) = − 2φ1/2 , the condition for an apparent horizon may be
written as
tap = r
(χ02
2τ
− z0
)
, (5.42)
where χ0 and τ are constants of integration and are dependent on suitable choice of initial
conditions.
In all the cases we find that an apparent horizon is formed at a finite time. As there is
no explicit expression for ts (the time of formation of the singularity) the visibility of the
singularity cannot be ascertained clearly. But it is quite clear that the singularity can not be
visible indefinitely. If tapp > ts, it can be visible for a finite time only and for tapp < ts, the
singularity is never visible. In the next section, we shall discuss the possible visibility of
singularity in another way.
5.6 Nature of the singularity
In a spherically symmetric gravitational collapse leading to a central singularity, if the centre
gets trapped prior to the formation of singularity, then it is covered and a black hole results.
Otherwise, it could be naked, when non-space like future directed trajectories escape from
it. Therefore the important point is to determine whether there are any future directed non-
spacelike geodesics emerging from the singularity.
From this point of view, general relativistic solutions of self-similar collapse of an adiabatic
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perfect fluid was discussed by Ori and Piran [29] where it was argued that a shell-focussing
naked singularity may appear if the equation of state is soft enough. Marginally bound
self-similar collapsing Tolman spacetimes were examined and the necessary conditions for
the formation of a naked shell focussing singularity were discussed by Waugh and Lake
[27, 28, 231]. For a comprehensive description of the mathematical formulations on occurence
of naked singularity in a spherically symmetric gravitational collapse, we refer to the works of
Joshi and Dwivedi [24–26, 286], Dwivedi and Dixit [287]. Structure and visibility of central
singularity with an arbitrary number of dimensions and with a general type I matter field was
discussed by Goswami and Joshi [288]. They showed that the space-time evolution goes to
a final state which is either a black hole or a naked singularity, depending on the nature of
initial data, and is also subject to validity of the weak energy condition. Following the work of
Joshi and Dwivedi [24–26, 286], a similar discussion was given on the occurrence of naked
singularities in the gravitational collapse of an adiabatic perfect fluid in self-similar higher
dimensional space–times, by Ghosh and Deshkar [289]. It was shown that strong curvature
naked singularities could occur if the weak energy condition holds.
One can write a general spherically symmetric metric that admits a self-similarity, as
ds2 = eϑdt2− eχdr2− r2S2dΩ2, (5.43)
where ϑ , χ and S are functions of z = tr . This space-time admits a homothetic killing vector
ξ a = r ∂∂ r + t
∂
∂ t . For null geodesics one can write K
aKa = 0, where Ka = dx
a
dk are tangent vectors
to null geodesics. Since ξ a is a homothetic killing vector, one can write
Lξgab = ξa;b+ξb;a = 2gab (5.44)
where L denotes the Lie derivative. Then it is straightforward to prove that ddk(ξ
aKa) =
(ξ aKa);bKb = 0 (for mathematical details we refer to [287]). Therefore one can write
ξ aKa =C, (5.45)
for null geodesics where C is a constant. From this algebraic equation and the null condition,
one gets the following expressions for Kt and Kr as [116]
Kt =
C [z± eχΠ]
r
[
eχ − eϑ z2] , (5.46)
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Kr =
C
[
1± zeϑΠ]
r
[
eχ − eϑ z2] , (5.47)
where Π=
√
e−χ−ϑ > 0. Radial null geodesics, by virtue of Eqs. (5.46) and (5.47), satisfy
dt
dr
=
z± eχΠ
1± zeϑΠ . (5.48)
The singularity that might have been there is at least locally naked if there exist radial null
geodesics emerging from the singularity, and if no such geodesics exist it is a black hole. If
the singularity is naked, then there exists a real and positive value of z0 as a solution to the
algebraic equation
z0 = limt→ts
r→0
z = lim
t→ts
r→0
t
r
= lim
t→ts
r→0
dt
dr
. (5.49)
Waugh and Lake [27, 28, 231] discussed shell-focussing naked singularities in self-similar
spacetimes, considering a general radial homothetic killing trajectory. The lagrangian can be
written in terms of V (z) = (eχ − z2eϑ ), whose value determines the nature of the trajectory,
for instance, if V (z) = 0, the trajectory is null, and for V (z)> 0 the trajectory is space-like. In
the null case the trajectory can be shown to be geodesic. If V (z) = 0 has no real positive roots
then the singularity is not naked. On the other hand the central shell focusing is at-least locally
naked if V (z0) = 0 admits one or more positive roots. The values of the roots give the tangents
of the escaping geodesics near the singularity. [24–26, 286, 289].
For a conformally flat space-time, the metric is defined as ds2 = 1
A(r,t)2
[
dt2−dr2− r2dΩ2
]
,
so we have eχ = eϑ = 1A2 , V (z) =
1
A2 (1− z2) and Π = A2. So the equation for radial null
geodesic simplifies considerably into dtdr = 1 (where we have considered only the positive
solution as we are looking for a radial outgoing ray). We consider the three cases for which we
have found exact collapsing solutions in section (5).
1. Case 1 : m =−35
Using the time evolution (5.25) and the condition that the central shell focusing is at-least
locally naked for V (z0) = 0 one finds
z0+(z20−1)
1
2 = e2C1, (5.50)
for the conformally flat metric, from which it is straight-forward to write z0 = 12
(
e2C1 +
e−2C1
)
. The visibility of the singularity depends on the existence of positive roots to
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Eq. (5.50), therefore on the positivity of
(
e2C1 + e−2C1
)
. Since z0 = limt→ts r→0
dt
dr , the
equation for the null geodesic emerging from the singularity may be written as
t− ts(0) = 12
(
e2C1 + e−2C1
)
r. (5.51)
For all values of C1,
(
e2C1 + e−2C1
)
is always greater than zero. Therefore it is always
possible to find a radially outward null geodesic emerging from the singularity, indicating
a naked singularity.
2. Case 2 : m = 3
Using (5.26) in V (z0) = 0, one obtains
C1(1+ z0)
(1− z0) = 1. (5.52)
As already discussed, for this particular model C1 must be a negative number. Now, z0 can
be written as z0 = 1−C11+C1 . Thus one can indeed have a naked singularity for −1 <C1 < 0.
The singularity in this case is realised at a finite value of z= tr , not at r→ 0 and therefore
is not a central singularity. This kind of singularities are generally expected to be covered
by a horizon [39].
3. Case 3 : m =−32
Equations (5.28) and the condition V (z0) = 0 lead to
1
4C1z0
= 0, (5.53)
which can never have any finite positive solution for z0. Therefore the central singularity
in this particular case, defined at 1A(z) → 0 at r → 0, is always hidden from an exterior
observer.
However, V (z0) = 0 admitting positive roots is necessary but not a sufficient condition to
assert the existence of a naked singularity. The existence of a locally naked singularity also
requires that the apparent horizon curve must be an increasing function at the central singularity.
If the tangent to the apparent horizon curve is negative, then even if there are positive roots of
V (z0) = 0, the outcome will still be a black hole.
For m = −32 , one has a black hole solution as an end-state. However, for m = −35 and
m = 3, i.e., for V (φ) = 5φ
2/5
2 and V (φ) =
φ4
4 , the spacetime sigularity can remain naked in
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principle. We can check the apparent horizon curve as calculated in section 5.5. The apparent
horizon curve for the case m =−35 is defined as tap = re
−γ
2 (e
2γ −1) = rsinhγ . Therefore the
apparent horizon curve is an increasing function of r at the central singularity if and only
if sinhγ > 0. Therefore the visibility of the central singularity depends on the value of the
parameter γ , defined as γ =−2(C1−δ 1/20 ) and δ0 is a constant of integration. Similarly, for
m= 3, the apparent horizon curve is defined as tap = r
(
e
1
Ψ0 −C1
e
1
Ψ0 +C1
)
= rΓ0 (Ψ0 is a constant of in-
tegration) and the visibility of the ultimate spacetime singularity depends on the signature of Γ0.
Ii was shown by Hamid, Goswami and Maharaj [279] that a spherically symmetric matter
cloud evolving from a regular initial epoch, obeying physically reasonable energy conditions, is
free of shell crossing singularities. A corollary of their work is that for a continued gravitational
collapse of a spherically symmetric perfect fluid obeying the strong energy condition ρ ≥ 0
and (ρ+3p)≥ 0, the end state of the collapse is necessarily a black hole for a conformally
flat spacetime. This idea was also confirmed by the massive scalar field analogue of the
Oppenheimer-Snyder collapsing model in a conformally flat spacetime in the last chapter. This
case, however, is quite different, as it deals with matter where the strong energy condition is
not guaranteed. This can perhaps be related to the contribution of the scalar field to the energy
momentum tensor and the dissipation part of the stress-energy tensor in the form of a heat flux.
The choices of potential and the initial conditions in the form of the constants of integration
can indeed conspire amongst themselves so that the energy conditions are violated which leads
to the formation of a naked singularity. A violation of energy condition by massive scalar fields
is quite usual and in fact forms the basis of its use as a dark energy. In the present case, as
discussed, we find various possibilities, and a black hole is not at all the sole possibility, i.e.
the central singularity may not always be covered, at least for some specific choices of the
self-interacting potential, for instance, for V (φ) = 5φ
2/5
2 , as found out in the present work.
5.7 Matching with an exterior Vaidya Solution
Generally, in collapsing models, a spherically symmetric interior is matched with a suitable
exterior solution; Vaidya metric or a Schwarzschild metric depending on the prevailing con-
ditions [22]. This requires the continuity of both the metric and the extrinsic curvature on
the boundary hypersurface. As the interior has a heat transport defined, the radiating Vaidya
solution is chosen as a relevant exterior to be matched with the collapsing sphere. The interior
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metric is defined as
ds2 =
1
A(r, t)2
[
dt2−dr2− r2dΩ2
]
, (5.54)
and the Vaidya metric is given by
ds2 =
[
1− 2m(v)
R
]
dv2+2dvdR−R2dΩ2. (5.55)
The quantity m(v) represents the Newtonian mass of the gravitating body as measured by an
observer at infinity. The metric (5.55) is the unique spherically symmetric solution of the
Einstein field equations for radiation in the form of a null fluid. The necessary conditions
for the smooth matching of the interior spacetime to the exterior spacetime was presented by
Santos [263] and also discussed in detail by Chan [274], Maharaj and Govender [276] in the
context of a radiating gravitational collapse. Following their work, The relevant equations
matching (5.54) with (5.55) can be written as
r
A(r, t)Σ
= R, (5.56)
m(v)Σ =
r3
2A3
(
A˙2−A′2+ A
′A
r
)
, (5.57)
and
prΣ =
q
A(r, t)
, (5.58)
where Σ is the boundary of the collapsing fluid.
The relation between radial pressure and the heat flux as in equation (5.58) yields a nonlinear
differential condition between the conformal factor and the scalar field to be satisfied on the
boundary hypersurface Σ. In view of equations (5.31) and (5.33) the condition can be written
as [(
2
A¨
A
−2 A˙
2
A2
+3
A′2
A2
−4 A
′
Ar
+2
A˙′
A
)
− 1
2
(φ˙ +φ ′)2+
1
A2
φ (m+1)
(m+1)
]
Σ
= 0. (5.59)
It deserves mention that we cannot obtain any analytical expression from the matching
conditions and thus their feedback to the interior solutions could not be discussed. Actually the
condition of integrability of the scalar field equation has been utilized to find a solution for the
metric but the evolution equation for the scalar field defined by (5.29) could not be explicitly
integrated.
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5.8 Non-existence of shear
For a general spherically symmetric metric
ds2 = S2dt2−B2dr2−R2dΩ2, (5.60)
where S,B,R are functions of r, t, and for a comoving observer the velocity vector is defined as
uα = S−1δα0 , (5.61)
and
uαuα = 1. (5.62)
The shear tensor components can be easily calculated in this case. The acceleration aα and the
expansion Θ of the fluid are given by
aα = uα;βu
β , Θ= uα ;α . (5.63)
and the shear σαβ by
σαβ = u(α;β )+a(αuβ )−
1
3
Θ(gαβ +uαuβ ), (5.64)
From equations (5.63) and (5.64) one can calculate the non zero components of shear as
σ11 =
2
3
B2σ , σ22 =
σ33
sin2θ
=−1
3
R2σ , (5.65)
and the scalar as
σαβσαβ =
2
3
σ2, (5.66)
where the net shear scalar σ can be found out as
σ =
1
S
(
B˙
B
− R˙
R
)
. (5.67)
For the conformally flat metric chosen in the present work, S = B = Rr =
1
A(r,t) . It is
straightforward to see that σ = 0 in the present case. In the present case, the existence of
anisotropic pressure and dissipative processes might suggest the existence of shear in the
spacetime, but the situation is actually shearfree. A shearfree motion is quite common in the
discussion of gravitational collapse, and it is not unjustified either. But it should be noted that a
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shearfree condition, particularly in the presence of anisotropy of the pressure and dissipation,
leads to instability. This result has been discussed in detail by Herrera, Prisco and Ospino
[290].
5.9 Combination of power-law potentials : V (φ)= φ
2
2 +
φ (m+1)
(m+1)
The domain of the coordinate transformation restricted us not to choose a few values of m
(m ̸= −3,−1,0,1). This excluded any chance of studying cases with a quadratic potential.
In this section we assume a form for the potential such that dVdφ = φ + φ
m, i.e. V (φ) is a
combination of two power-law terms, one of them being quadratic in φ . Such interaction
potentials also do carry additional motivations, for instance, considering a combination of φ2
and φ4, Lyth and Stewart [291] showed that it can lead to a cosmological history radically
different from what is usually assumed to have occurred between the standard inflationary
and nucleosynthesis epochs, which may solve the gravitino and Polonyi-moduli problems in
a natural way. With this choice, the integrability criterion yields a non-linear second order
differential equation for the conformal factor B(z) as
B◦◦
B
−3(m+1)
(m+3)
(
B◦
B
)2
− 8(2m+3)
6(m+3)
B◦z
B(1− z2) −
2(1+m)z2−2(m+3)
6(m+3)(1− z2)2 +
(m+3)
6B2(1− z2) = 0.
(5.68)
It is very difficult to find an exact analytical form of B(z) from (5.68) and thus any further
analytical investigations regarding the collapsing geometry is quite restricted. However, we
make use of a numerical method to analyse the evolution which of course depends heavily on
choice of initial values and ranges of z, B(z) and dBdz . First the equation (5.68) is written in
terms of D(z) = 1B(z) as
D◦◦
D
=
[
2− 3(m+1)
m+3
](
D◦
D
)2
+
8(2m+3)
6(m+3)
D◦z
D(1− z2)−
2(1+m)z2−2(m+3)
6(m+3)(1− z2)2 +
(m+3)D2
6(1− z2) = 0.
(5.69)
Now equation (5.69) is solved numerically and studied graphically as D(z) vs z in the limit
z >> 1. Since we mean to study a collapsing model, D◦(z) is always chosen as negative. The
evolution of the collapsing sphere is sensitive to the factor | D(z)D◦(z) |, at least for some choices of
potential as will be shown in the subsequent analysis. We present the results obtained in three
different categories.
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Fig. 5.5 Evolution of 1B(z) with respect to z for different choices of potential where m > 0:
m = 3.0,1.5,0.5 i.e. V (φ) = φ
2
2 +2
φ5/2
5 , V (φ) =
φ2
2 +
φ4
4 and V (φ) =
φ2
2 +2
φ3/2
3 respectively;
for different initial conditions.
1. For all m > 0, the spherical body collapses to a zero proper volume singularity at a finite
future defined by z = zs as shown in figure 5.5. For a large positive value of m, e.g
m≥ 3, the singularity is reached more-or-less steadily. However, for choices of m smaller
in magnitude (for example, m = 1.5,m = 0.5), the system collapses at an increasingly
larger value of zs and the evolution starts to look like an asymptotic curve. However,
eventually the system attains a zero proper volume but at a very large but finite value
of z, provided m > 0. This qualitative behaviour is independent of the initial condition
defined by different choices of | D(z)D◦(z) |.
2. When m is a very small positive number (for example m ∼ 110), the rate of collapse
becomes increasingly sensitive to the initial condition | D(z)D◦(z) |. The ultimate qualitative
behaviour remains the same; the system reaches a zero proper volume at a finite but
very large zs. For
D(z)
D◦(z) ∼ −100, the system falls very rapidly as suggested by figure
5.6, followed by a stage when the rate of collapse is slowed down significantly and the
singularity is not reached until z∼ 1015. The characteristic difference with the case when
D(z)
D◦(z) ∼−1 is clear from figure 5.6.
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Fig. 5.6 Evolution of 1B(z) with respect to z for m=
1
10 or V (φ) =
φ2
2 +10
φ11/10
11 . The case where
| D◦(z) |<< D(z) is plotted on the LHS and the case where | D◦(z) |∼ D(z) is on the RHS.
3. For −3 < m < 0(m ̸=−3,−1), the collapsing system approaches a zero proper volume
with respect to z asymptotically, i.e., only when z→ ∞. In figure 5.7, two examples are
studied, for m =−0.1 and m =−2.0. The slope of the curves, i.e. the rate at which the
spherical body approaches singularity may be different for different choices of m in this
domain, due to different signatures of the nonlinearities in equation (5.69). The collapse
occurs more rapidly when m =−0.1 than m =−2.0. This nature is independent of the
initial condition, i.e., whether | D◦(z) |<< D(z) or | D◦(z) |∼ D(z).
4. For m < −3, the evolution of the sphere is extremely sensitive to the choice of initial
value of D◦(z) with respect to z. An example is given in figure 5.8, where we have
studied the scenario for m = −7.0, or V (φ) = φ22 − 16φ6 for different types of initial
conditions. For some initial condition, when | D◦(z) |∼ D(z), the sphere after an initial
steady collapsing epoch, falls very sharply with respect to z; eventually hitting the zero
proper volume singularity at a finite future. However, for | D◦(z) |<< D(z), the system
can sometimes exhibit a somewhat oscillatory evolution as shown on the left panel of
figure 5.8. The oscillatory motion is followed by a very rapid, almost instanteneous drop
to zero proper volume singularity.
5.10 Discussion
The collapse of a massive scalar field distribution is investigated in this chapter, with the basic
method being a search for the integrability condition for the Klein-Gordon equation for the
scalar field. The present chapter includes a lot more generalization in the matter content in the
sense that it has an anisotropic pressure and a heat flux as well. For this generalization regarding
the matter field, another symmetry requirement, that of a self similarity, has been imposed so
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Fig. 5.7 Evolution of 1B(z) with respect to z for m = − 110 or V (φ) = φ
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9 and for
m = −2.0 or V (φ) = φ22 − 1φ for different initial conditions defined by | D◦(z) |<< D(z) or
D◦(z) ∼ D(z). The qualitative behaviour seems to be independent of the initial choice of
parameters.
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Fig. 5.8 Evolution of B(z) with respect to z for m = −7.0, or V (φ) = φ22 − 16φ6 for different
initial conditions.
as to overcome the difficulty in integrating the scalar field equation. Without actually solving
the set of Einstein equations, a lot of informations regarding the metric can be obtained where
the scalar field equation is integrable in principle.
The scalar potential is assumed to be a power law one, which finds a lot of interest in cosmology,
Except for a few powers, restricted by the domain of applicability of Eulers theorem, the method
in fact applies for any other power law. We have picked up a few powers as examples, namely,
φ4, φ
2
3 and φ−
1
2 .
Indeed, collapsing modes leading to a final singular state, are found with the help of numeri-
cal plots. Whether the singularity of a zero proper volume occurs at a finite future or the modes
are for ever collapsing without practically hitting the singular state depends on the potential as
well as the initial conditions. In order to facilitate further analysis like the formation of apparent
horizon etc., we also do some analytical study with the help of some reasonable approximate
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solutions. The qualitative features of the analytical solutions are consistent with the numerical
solutions. Some of the singularities are found to be not covered by an apparent horizon. This
possibility of the collapse, ultimately leading to a naked singularity, can perhaps be related to
the fact that the scalar field contribution can violate the energy conditions. Anisotropy of the
fluid pressure and the heat flux (departure from the perfect fluid) can also contribute towards
this existence of naked singularities.
A φ2 potential is excluded from the purview of the investigation as this corresponds to
n = 1 which falls in the disallowed category. We have included an investigation of a potential
of the form V = aφ2+bφn. In this case we could obtain only some numerical plots for the
scale factor. For various choices of n, collapsing modes are found, and all of them reaches the
singularity sooner or later.
It also deserves mention that the particular potentials chosen as examples do have definite
physical motivations but the condition for integrability stems from a mathematical interest, and
no definite physics is associated with this. Still they represent interesting physical situations,
and a study of scalar field collapse is possible.
Chapter 6
Scalar Field Collapse with an exponential
potential*
Despite of exhaustive attempts over decades both in general relativity [24–26, 32, 38, 292–294]
and it’s viable modifications [115, 116, 136, 146], exact models for self-gravitating scalar field
collapse remains rather limited. The aim of this chapter is to look at the collapse of a massive
scalar field alongwith a very common functional form for the self-interaction potential, that of
an exponential dependence upon the scalar field.
Considerable importance and focus have been given to scalar field cosmology with an exponen-
tial interaction. A homogeneous isotropic cosmological model driven by a scalar field with an
exponential potential was studied and a solution with power-law inflation was shown to be an
attractor by Halliwell [237]. An exponential potential is predicted to be found in higher-order
[161–163] or higher-dimensional gravity theories [295]. The nature of the universe filled
with a scalar field, with an exponential potential, has been studied for both homogeneous and
inhomogeneous scalar fields. Inflationary Models with exponential Potentials were studied
by Barrow and Burd [296, 297]. Exact Bianchi type I models for an exponential-potential
scalar field were studied by Aguirregabiria and Chimento [298]. Exact general solution for
cosmological models arising from the interaction of the gravitational field with two scalar fields
in both flat FRW and the locally rotationally symmetric Bianchi I spacetime filled with an
exponential potential was given by Chimento [299]. Rubano and Scudellaro [300] presented
general exact solutions for two classes of exponential potentials in scalar field models for
quintessence. Using a particular type of exponential potential similar to that arising from the
hyperbolic or flux compactification of higher-dimensional theories Neupane [301] studied
the four-dimensional flat and open FLRW cosmologies and gave both analytic and numerical
*The results of this chapter are reported in General Relativity and Gravity (2017) 49: 24
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solutions with exponential behavior of scale factors. Russo showed that the general solution of
scalar field cosmology in d dimensions with exponential potentials for flat FRW metric can be
found in a straightforward way by introducing new variables which completely decouple the
system [302]. Andrianov, Cannata and Kamenshchik studied in detail the general solution for
a scalar field cosmology with an exponential potential. Piedipalumbo, Scudellaro, Esposito
and Rubano studied dark energy models [303] with a minimally-coupled scalar field and expo-
nential potentials, admitting exact solutions for the cosmological equations and showed that
for this class of potentials the Einstein field equations exhibit alternative Lagrangians, and are
completely integrable and separable. These perhaps indicate the significance of investigations
regarding a scalar field with an exponential potential in cosmology.
However, it remains a challenge to write the highly non-linear Einstein field equations in an
integrable form for different set up. The exact time-evolution here is studied analytically for a
homogeneous scalar field in a flat FLRW spacetime. In a recent approach by Harko, Lobo and
Mak [165], a new formalism for the analysis of scalar fields in flat isotropic and homogeneous
cosmological models was presented. The basic evolution equations of the model were reduced
to a first order non-linear differential equation. The transformation introduced therein, is used
to simplify the evolution equations enough so that a collapsing model can be studied.
6.1 Mathematical formulaion
The metric for a spherically symmetric spacetime with a spatial homogeneity and isotropy can
be written as
ds2 = dt2−T (t)2(dr2+ r2dΩ2). (6.1)
The time evolution is governed solely by the function T (t). This indeed is a very simple
case, but this would lead to some tractable solutions so that the possibility of collapse can be
investigated. When a scalar field φ is minimally coupled to gravity, the relevant action is given
by
A =
∫ √−gd4x[R+ 1
2
∂ µφ∂µφ −V (φ)+Lm], (6.2)
where V (φ) is the scalar potential and Lm is the Lagrangian density for the fluid distribution.
In this particular case, we assume that there is no fluid contribution in the action, thus, Lm = 0.
From this action, the contribution to the energy-momentum tensor from the scalar field φ can
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be written as
T φµν = ∂µφ∂νφ −gµν
[
1
2
gαβ∂αφ∂βφ −V (φ)
]
. (6.3)
We assume the scalar field to be spatially homogeneous, i.e., φ = φ(t). With this assumption,
the Einstein field equations for the metric (6.1) can be written as (in units where 8πG = 1)
3
(
T˙
T
)2
=
φ˙2
2
+V (φ) , (6.4)
−2 T¨
T
−
(
T˙
T
)2
=
φ˙2
2
−V (φ) . (6.5)
The evolution equation for the scalar field is given by
φ¨ +3
T˙
T
φ˙ +
dV (φ)
dφ
= 0. (6.6)
The overhead dot denotes the derivative with respect to the time-coordinate t. We will
restrict our study to collapsing models, which satisfy the condition that radius of the two-sphere
is a monotonically decreasing function of time. Therefore we discuss only those cases where
T˙
T < 0 is satisfied.
By substituting T˙T from Eq. (6.4) into Eq. (6.6), one obtains the basic equation describing
the scalar field evolution as
φ¨ −
√
3φ˙
√
φ˙2
2
+V (φ)+
dV
dφ
= 0. (6.7)
Defining a new function f (φ) so that φ˙2 = f (φ), and changing the independent variable
from t to φ , eq. (6.7) can be written as
1
2
d f (φ)
dφ
−
√
3
√
f (φ)
2
+V (φ)
√
f (φ)+
dV
dφ
= 0, (6.8)
which may be reorganized into the following form
1
2
d f (φ)
dφ +
dV
dφ
2
√
f (φ)
2 +V (φ)
−
√
3
2
√
f (φ) = 0. (6.9)
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The transformations introduced by Harko et. al., (for the step by step systematic de-
scription, we refer to [165]), defined by F(φ) =
√
f (φ)
2 +V (φ), F(φ) = u(φ)
√
V (φ) and
u(φ) = coshG(φ) is considered here; such that one can simplify (6.9) enough to arrive at the
basic equation governing the dynamics of the scalar field collapse as
dG
dφ
+
1
2V
dV
dφ
cothG−
√
3
2
= 0. (6.10)
For a flat FRW spacetime, it can be shown that the functions f (φ) and F(φ) are related to the
Hubble function and its time derivative [165] using the field equations (6.4) and (6.5). Another
similar approach was considered by Salopek and Bond [304], where the Hubble function was
assumed to be a function of the scalar field φ . The time evolution of the two-sphere governed by
T (t) can be written in terms of the scalar field (with
˙T (t)
T (t) < 0, which corresponds to a collapsing
mode), by the equation
1
T (φ)
dT (φ)
dφ
=− 1√
6
cothG(φ). (6.11)
For a large number of choices of the functional form of the self-interacting potential, the first
order evolution equation, Eq. (6.10) can be solved exactly or parametrically and a collapsing
model can be obtained, provided they satisfy a proper junction conditions. Here we present only
a special case, a simple example of an exponential potential, such that a complete collapsing
scenario can be investigated. Relevant possible choices of the potential and their dynamical
scenario in case of scalar field cosmologies are discussed in [165].
6.2 Exact solution
If V ′/V =
√
6α0 where α0 is a constant, the scalar field self-interaction potential is of the
exponential form given as
V =V0e(
√
6α0φ). (6.12)
Taking into account Eq. (6.12), Eq. (6.10) takes the form
dG
dφ
+
√
3
2
(α0 cothG−1) = 0. (6.13)
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A particular solution of the field equations corresponds to the case G(φ) = G0 = constant.
In this case Eq.(6.13) is identically satisfied, with G0 given by
G0 = arccoth
(
1
α0
)
. (6.14)
From Eq.(6.11) it follows that the scale factor can be obtained as a function of the scalar
field as
T (φ) = T0e−φ/
√
6α0, (6.15)
where T0 is a constant of integration. The time variation of the scalar field is determined from
the relation G(φ) = arccosh
√
1+ φ˙
2
2V (φ) as
φ˙ =±
√
2V0
(
α0
(α02+1)
1
2
)
e
√
3/2α0φ . (6.16)
It is straightforward to integrate (6.16) to write the exact evolution of scalar field with respect
to time as
e−
√
3/2α0φ =∓
√
3V0
(
α20
(α02+1)
1
2
)
(t− t0), (6.17)
where t0 is an arbitrary constant of integration. With the help of Eq. (6.15), one can obtain the
exact time evolution of the collapsing scalar field in the form
T (t) = T0
[
∓
√
3V0
(
α20
(α02+1)
1
2
)
(t− t0)
] 1
3α20
. (6.18)
Since for a collapsing scenario, T˙ (t)< 0, it is easy to check that one must choose the negative
signature inside the parenthesis to write the time-evolution, thus giving the time evolution as
T (t) = T0[N0(t0− t)]
1
3α02 . (6.19)
We have written N0 =
√
3V0
(
α20
(α02+1)
1
2
)
, which must always be greater than zero. It is
straightforward to note that radius of the two-sphere rT (t) goes to zero when t → t0, giving
rise to a finite time zero proper volume singularity.
Since, N0 must always be real and positive, it is obvious that one must always choose
positive values of V0. We plot the evolution of T (t) with respect to t in Figure 6.1 for different
values of V0. Without any loss of generality, one can assume T0 = 1. The choice of α0 is
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Fig. 6.1 Time-evolution of the function T (t) for different values of V0
restricted by the constraints developed from the boundary matching discussed in the next
section. The spherical body collapses with time almost uniformly until it reaches t = t0 = ts,
where it hurries towards a zero proper volume singularity. This behavior is not affected by
different choices of V0 as long as it is positive. We have presented here two specific examples
with V0 = 10 and V0 = 110 in Figure 6.1.
One must look into the behavior of Ricci and Kretschmann curvature scalars to judge the nature
of spacetime singularity. The curvature scalars can be written from the metric (6.1) as
R =−6
[
T¨ (t)
T (t)
+
T˙ (t)2
T (t)2
]
, (6.20)
and
K = 6
[
T¨ (t)2
T (t)2
+
T˙ (t)4
T (t)4
]
. (6.21)
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Using equation (6.19), the expressions for the scalars can be simplified into
R =
2
α02
(
1− 2
3α02
)
1
(t− t0)2 , (6.22)
and
K =
2
3α04
[
1
9α04
+
(
1
3α02
−1
)2]
1
(t− t0)4 . (6.23)
One can clearly see, for all values of α0, both Ricci and Kretschmann scalar diverges to
infinity when t → t0. For α02 = 23 , the Ricci scalar vanishes but the Kretschmann scalar diverges
anyway. Therefore the collapsing sphere discussed here ends up in a curvature singularity.
Singularities formed in collapse can be shell focussing or shell crossing in nature. For a
spherically symmetric collapse the shell focusing singularity occurs at gθθ = 0. It is evident
from (6.1) and (6.19) that gθθ = rT (t)→ 0 when t → t0. Thus the curvature singularity indeed
is a shell-focussing one.
6.3 Matching of the interior space-time with an exterior ge-
ometry
For a complete and consistent analysis of gravitational collapse, proper junction conditions
are to be examined carefully which allow a smooth matching of an exterior geometry with the
collapsing interior. Any astrophysical object is immersed in vacuum or almost vacuum space-
time, and hence the exterior spacetime around a spherically symmetric star is well described
by the Schwarzschild geometry. Moreover it was extensively shown by Goncalves and Moss
[188] that any sufficiently massive collapsing scalar field can be formally treated as collapsing
dust ball. From the continuity of the first and second differential forms, the matching of the
sphere to a Schwarzschild spacetime on the boundary surface, Σ, is extensively worked out in
literature as already discussed in the earlier chapters (see also [263, 274–276]).
However, conceptually this may lead to an inconsistency since the treatment allowed for a
dust collapse may not be valid for a scalar field in general. For instance, since Schwarzschild
has zero scalar field, such a matching would lead to a discontinuity in the scalar field, which
means a delta function in the gradient of the scalar field. As a consequence, there will appear
square of a delta function in the stress-energy, which is definitely an inconsistency. In modified
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theories of gravity an alternative scenario is discussed sometimes where the exterior is non-
static. However, the solar system experiments constrain heavily such a scenario. Another
possible way to avoid such a scenario can perhaps be allowing jump in the curvature terms in
the field equations. Such cases must result in surface stress energy terms, which in collapsing
models must have observational signatures and can be established via experimental evidences
[146].
Following the arguements of Goswami and Joshi [215, 277], Ganguly and Banerjee [217],
we match the spherical ball of collapsing scalar field to a Vaidya exterior across a boundary
hypersurface defined by Σ. The metric just inside Σ is,
ds−2 = dt2−T (t)2dr2− r2T (t)2dΩ2, (6.24)
and the metric in the exterior of Σ is given by
ds+2 = (1− 2M(rv,v)rv )dv
2+2dvdrv− rv2dΩ2. (6.25)
Matching the first fundamental form on the hypersurface we get(
dv
dt
)
Σ
=
1√
1− 2M(rv,v)rv +
2drv
dv
(6.26)
and
rvΣ = rT (t)
Σ
−rT0[N0(t0− t)]
1
3α02 . (6.27)
Matching the second fundamental form yields,
rT (t)Σ = rv
 1− 2M(rv,v)rv + drvdv√
1− 2M(rv,v)rv +
2drv
dv
 (6.28)
Using equations (6.26), (6.27) and (6.28) one can write
dv
dt Σ
=
T 2− r3
T 2− 2Mr T
. (6.29)
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From equation (6.28) one obtains
MΣ =
r−1T−1+ r9T
−5+
√
1
r2 T
−2+ r281T−10− 29T−6
4
r2 T
−2 . (6.30)
Matching the second fundamental form we can also write the derivative of M(v,rv) as
M(rv,v),rvΣ =
M
rT
− 2r
2
9T 4
. (6.31)
Equations (6.27), (6.29), (6.30) and (6.31) completely specify the matching conditions at the
boundary of the collapsing scalar field.
6.4 Visibility of singularity
Whether the ultimate spacetime singularity is visible to an exterior observer depends on the
formation of an apparent horizon. Such a surface is defined as
gµνY,µY,ν = 0, (6.32)
where Y (r, t) is the proper radius of the collapsing sphere. Using (6.1) and (6.19), one can
express this equation as
N0(t0− tap) =
(
9α02δ
T02N02
) 3α02
2−6α02
. (6.33)
Here, δ is a constant of separation. Thus the time of formation of apparent horizon can be
expressed as
tap = t0− 1N0
(
9α02δ
T02N02
) 3α02
2−6α02
. (6.34)
Both α0 and N0 depend on the choice of the potential given their definitions V =V0e(
√
6α0φ)
and N0 =
√
3V0
(
α20
(α02+1)
1
2
)
. The arbitrary constants T0 and δ can be estimated from proper
matching of the collapsing scalar field with an appropriate exterior geometry and on initial
conditions. From (6.19), one can write at t = tap,
T˙
T
=
1
3α02(tap− t0) < 0. (6.35)
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Since we are dealing with a geometry where the sphere must always decrease in volume with
respect to time, this expression is consistent if and only if t0 > tap. This means that the apparent
horizon, if any, must always form before the formation of singularity.
In the present case the time of formation of singularity t0 is independent of r and therefore
is not a central singularity. The entire collapsing body reaches the singularity simulteneously at
t = t0. This kind of singularity is always expected to be covered by the formation of an apparent
horizon as already discussed by Joshi, Goswami and Dadhich [39]. The result that apparent
horizon must always form before the formation of singularity, is therefore a consistent result.
6.5 Discussion
There are only very limited amount of work on massive scalar field collapse in the literature. We
have discussed a spherically symmetric collapse of a massive scalar field where an exponential
potential describes the self-interaction. The scalar field is chosen to be spatially homogeneous,
representing the scalar field analogue of Oppenheimer-Snyder collapse.
A systematic discussion is presented, assuming the matter contribution Lm to be zero. The
Klein-Gordon equation describing the dynamics of the scalar field is simplified considerably
into a first order non-linear differential equation. A simple exact solution predicts the end
state of the collapse to be a finite time shell-focussing singularity. The evolution of the
system is found to be independent of different parameters defining the self-interacting potential
V = V0e(
√
6α0φ). A proper boundary matching with an exterior Vaidya geometry is also
discussed. The visibility of the end-state is sensitive to different choices of initial conditions.
The collapse is simulteneous and results in a singularity which acts as a sink for all the curves
of the collapsing congruence, and the volume elements shrink to zero along all the collapsing
trajectories. An apparent horizon is always expected to form before the formation of zero
proper volume singularity, which therefore remains hidden forever.
The reduction of the klein-gordon equation into a first order differential equation can be
fairly useful in many cosmological contexts. Exact and approximate solutions of massive scalar
field collapse is an interesting subject and using this formalism the study can be extended, for
example for cosine hyperbolic potentials.
Chapter 7
Conclusions
Studies of exact solutions and their properties, symmetries, local geometries and singularities
play a non-trivial role in general relativity [305]. Finding non-trivial solutions to the Einstein
equations requires some reduction of the problem, which usually is done by exploiting symme-
tries or other properties. As a result, there is no single method preferred for finding solutions to
the Einstein equations. In this thesis, we have used different analytical methods to study exact
collapsing solutions of the highly non-linear field equations gravity.
Viable f (R) models are quite successful in providing a geometrical origin of the dark energy
sector of the universe. However, they pose considerable problems in some other significant
sectors, for instance, it is extremely difficult to find exact solutions of static or dynamic stellar
objects as the field equations are fourth order differential equations in the metric components.
Moreover, for any stellar object, the spacetime of the interior of the star has to be matched
smoothly with the exterior spacetime. This is not a straight-forward task since the fourth order
field equations generate extra matching conditions between two spacetimes beyond the usual
Israel-Darmois conditions in General Relativity. The extra conditions arising from the matching
of the Ricci scalar and it’s normal derivative across the matching surface, heavily constrict
the set of useful astrophysical solutions. We have addressed some inhomogeneous collapsing
models in f (R) gravity such that the collapsing stellar matter obeys all the energy conditions
and at the comoving boundary of the collapsing star, the interior spacetime matches smoothly
with an exterior spacetime. Under different symmetry assumptions the highly non-linear field
equations are written in integrable forms to extract exact collapsing solutions. The presence
and importance of spatial inhomogeneity is duely noted and discussed wherever relevant.
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We have also studied some models of gravitational collapse of a self-interacting scalar field
minimally coupled to gravity. No equation of state for the fluid description is assumed at the
outset for the models described.
• The field equations for a conformally flat spatially homogeneous system are investigated
by exploiting the integrability of the scalar field evolution equation and the final fate
of the collapse is discussed along with a smooth boundary matching of the collapsing
interior spacetime with a proper exterior. The time evolution can be studied in a rigorus
manner and it confirms a recent interesting finding that (Hamid, Goswami and Maharaj
[279]) for a continued gravitational collapse of a spherically symmetric perfect fluid
obeying the strong energy condition (ρ ≥ 0 and (ρ + 3p) ≥ 0), the end state of the
collapse is necessarily a black hole, for a conformally flat spacetime.
• A collapsing model admitting a Homothetic Killing vector implying a self-similarity in
the spacetime is thoroughly addressed. The end-state of the collapse is investigated by
analyzing radial null geodesics emanating from the spacetime singularity. This work is a
lot more generalised and it deals with matter where the strong energy condition is not
always guaranteed, which perhaps can be related to the contribution of the scalar field to
the energy momentum tensor and the dissipation part of the stress-energy tensor in the
form of a heat flux. It is proved that the choices of potential and the initial conditions in
the form of the constants of integration can indeed conspire amongst themselves so that
the energy conditions are violated which leads to the formation of a Naked Singularity. A
violation of energy condition by massive scalar fields is quite usual and in fact forms the
basis of its use as a dark energy. In the present case, we have found different possibilities,
and a black hole is indeed, not the sole possibility, i.e. the central singularity may not
always be covered, at least for some specific choices of the self-interacting potential.
• A scalar field collapse for a Lemaitre-Tolman-Bondi type spacetime without matter
contribution is studied by transforming the system of equations into a first order integrable
ordinary differential equation.
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